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Kepararo 2 Ocompio ano@aons Bayes

2.1 Ewayoyn

H Bewpia andpaong tov Bayes eivatl puo Oepeldong oTotioTikn TpocEyyion 6To
TpoPANpa g tavounong mpotdmev. Avt 1 mpoocfyyion eivor Pacicpévn otov
TOCOTIKO TPOGOIOPIGUO TOV OVTOAAAYDV, HETAED O14pOopmV OmoPAcE®V TAEIVOUNOTG,
TOV YPNOUOTOOVV TNV TOOVOTNTA, Kol TO KOGTOG OV GUVOOEVEL TETOLEG OMOPAGELC.
Kaver tnv vtdbeon 6t 10 TpdPAnua andeacng tifeton oe mbavoroyikovg 0povg, Kot 0Tt
OAEG Ol OYETIKEG TIHEG TOAVOTATOV €lval YVOOTEG. L€ AVTO TO KEQPAAOLO AVATTOGGOVIE
TS PBacikég apyés avtne e Bewplag, Kot EMOEIKVOOVUE TOSC UTOPEL VO OVTILETMOTIGOET
O¢ Wo. omAn] Sopdpe®on SladIKACUDY KOWNG AOYIKNG. XTo €moOpeva Ke@daiowo Oa
eEetdoovpe To TPOPANUOTO TOL TPOKVTTOLV OTav M THAVOAOYIKY] doun dev eivan
EVTEADG YVOOTN.

Evod Bo ddcovpe o apketd yevikn, apnpnuévn avdmtuén amd v Bewpia
andpaong tov Bayes oto tunipa. ??, apyiloope ™ ovlftnon Hog LE VO GUYKEKPLUEVO
mopdoetypa. Ag enaveletdoovpe to vroheTikd mpOPANa mov tibeton 6to KeP. 7?7 TOV
oxeO1GHOV VoG Ta&vountn Yo va dtaywpilel ovo 10n yapuov: mépkeg BAAUGTOS Kot
colopd. YrmoBéote OTL £vog mTapotnpnTig oL TOPAKOAOVOEL Yaplor PTAVEL KATA L KOG
™m¢ Lovng petapopémv, 1o Ppiokel 0UoKoOAO va mpoPAEwel molog TOTOG B TpoKVLYEL
énerta Ko OtL M akoAovBia TV TOHmEV yaplodv epeaviCetar vo glvol toyoio. Xtnv
opoAoyia g Bewpiag amopdcewv Ba Aéyape 0Tt kaBmg Kabe yapt epeaviletar ok
Ba etvarl otn pia n v GAAN amd Vo MOAVEG KOTACTAGELS: £ite TO Ydpt elval puo TEPKa
Bdlaccoc 1 1o yapt eivar évag coropds. Emidéyovpe 1o o va delyvel ™) katdotacny tyg
PUoIG, e =0 Y10 TIG TEPKEG BANNGOGOG KOl 0=m, Yia T0 coAopd. Emedn n Katdotaon
™mg euomng etvar 1660 ampdPrentn, Bewpodue T0 ® GO piol PLETAPANTH TOL TPEMEL VoL
TEPLYPOPEL TOAVOLOYIKAL..

Edv n yopid elye 100m mépka Bdrhaccoc 660 kot coropd, Ba Aéyoape OTL TO
enopevo yapt givan e&icov mbBavo va givon wépka OdAaccag 1 colouds. [N'evikotepa,
vroBéTovpe OTL VIAPYEL KATOw a prior; MBavotTTa (1 oAl €K TV TPoTép@V) P(m) 0T
T0 enOUEVO YApL eivan Tépka BdAaccag, Kol KAmown K TV TpoTtépmv mhavotnta P(®2)
ot elvar cohopds. Edv vmoBécovpe OtL dev vmapyel kavévag GAAOS TOTOG WopLOV
oYETIK®V €0, T0Te P(1) xou P(wy) éxovv dBpowcpa 1. Avtég ol €K TV TPOTEPWV
TOAVOTNTEG OVTAVOKAODV TN €K TOV TPOTEPOV YVAOGT LOS Yo TO TG0 mhavo eivor va
mopovpe mEPKEG OAAOGCOG 1N COAOUO TPV EUPAVICTEL TPOYUOTIKA TO YApl.
[Mopadeiypatog xdprv, pumopel vo Paciletar 610 ¥poOVO TOL €TOVG 1 TNV EMAOYN TNG
TEPLOYNG.

YnoBéote yio o otiypn| 0Tt avoyKaoTNKoUE vo. AABovpe pio amd@aot Yo TovV
TOmo yopudv ov Ba gppoviotel peTd yopic va eivarl emtpentd va 1o dovue. IIpog to
napov, Ba vrmobBécovpe Ot omowdNmote avoKpPPng TaSvounon cuvemdyetal to 1610
KOOTOG 1 OLVEREWD, Kol OTL ot pdveg mANpoopieg mov £yovpe v AdEwW0 va
YPNOLOTOWCOVLE gfvol 1 TN TOV €K TOV TPoTépmV mavotitav. Edv po andeaon
npémel vo AneOel pe 1000 Alyec mAnpoeopieg, @aivetor Aoywkd vo ypnotpomrombeil o
aKoLov0og Kavova andépacis:

Eniléyovpe o) €bv P(®1) >p(®2); AAMDG eMAEYOVUE ;.



Av10¢ 0 Kavovag £xel vomuo edv TpokeLTol vo Kpivovpe povo Eva ydpt, oA edv
TPOKELTOL VAL KPIvoupe TOAAG ydpia, 1 ¥PNOUYLOTOINGT BVTOV TOL KOVOVO ETAVEIA|UUEVOL
umopetl va eavet Ayo mapdevn. Telwkd, Oa Aappdvape mdvta v 1010 amdPAoT) aKOUO KL
av Eépovpe OTL Kol ot OVO TOmOL Yoapldv Bo epeavictovv. [16co kodd Asttovpyel
e€aptatol amd TIg TIEG TV €K TV TPOTEP@V TBavoTtwv. Edv P(w) gival mhpa modd
HEYOALTEPO ATl p(®7), M| ATOPACY] Lo VIEP ) Oa eivarl cmaT) T TEPIGTOTEPES POPEC.
Edv P(w1)=P(wy), éxovpe povo pio mevivio-mevivio mlovotnto va €iocTte omoTot.
I'evika, n mbavotnta tov AdBovg eivan n pukpodTePN TV P(m;) kot P(w;), kot B dovue
apyoTEPQ OTL VIO AVTOVS TOVG OPOLS KAVEVAG AAAOG KOVOVAG OTOQUONG O0eV UTOPEL va.
dmoel o peyolvtepn mbovotnta va eipaote akpiPeis.

YTIC MEPLOGOTEPEG TEPIOTACELS OV KAAOVUAOTE VO AAPOVUE TIS AMOPACELS E
T00eg AMyec mAnpopopiec. X10 TOpAdEYUd paG, Bo UTopodGaE VO XPNCILOTON|GOVUE
éva LeTpn TN EAAPPOTNTOC X Yo Vo BEATIOGOVNE TOV TASvOUNTH HoG. AlapopeTikcd yépio
B OGOVV OLUPOPETIKESG TIES EAAPPOTNTAG Kol EKOPACOVILE QLTIV TNV OLPOPETIKOTNTA
pe mOavoAoyKovg Opovg; Bewpovpe TO X o cuveyn tuyoio peTaPfAnTt T omoiag 1
Katavoun e€aptdral amd v Kotdotaor g evong, Kot eKkepaletal oc p(x|m;).* Avt
elval ovvaptnon mokvotntag ThavOTTog TOV KAGcE®V. [0l Vo KUPLOAEKTNGOLUE, 1|
ovvapTNon TLKVOTNTAG TOUVOTNTOS p(X|m) Tpémet va YpapeTe px(X|m;) Yo va dgi&et 6Tt
WAGQLE Yoo pia 1titepn cuvapTnon TUKVOTNTOG Yo TNV Tuyoia petafAnt X. Avti n mo
EexdBapn onuavon kobotd cagés Ot px(1) kot py() ONA®VOLV VO SOPOPETIKES
OLVOPTNOELS, £VOL YEYOVOG TTOL TTopEPUNVEVETUL OTaY Yphpovpe p(X) Kal p(y). Aedopévou
O0tL avty 1 mBav ovYYLoN TWPOKLTTEL GmAvVie otV TPA&n, &yxovpe emAéler va
V1BETNGOVHE TNV ATAOVCTEPT ONULAVOT|. AVayvadoTeG oL givor aféfotot Tng onpoeveng
pog n mov Ba emBvpodoav vo Bounbodv 1 Bewpia TOavoTHTOV TPEMEL VO oLV TO
mopdptnua ??). Avt) givor n cuvaptnon TukvoTnTag MOAVOTNTOG Yol TO X OEO0UEVOD
OTL M KatdoToon TG eUoNg elval ;. (AvaeEpeTal Kol ®g TukvoTnTo ThovOTNTIS OGO
avaeopd Vv koatdotaon.) Katomy n dwupopd petadd p(x|m;) kot p(x|wz) meptypapet
dlpopd otV eAaepOTNTO HETOED TV TANOLGUOV TOV TEPKOV BAAOGGOS KOl TOV
colopo? (Zy. 2.1).

YnoBéote 0T E€povpe kar TG 000 ek TV TPoTEépwv mhavotnteg P(m;) Kot Tig
deopevpéveg mukvotTnTeg p(X|wj). YrobBéote mepountépm 0Tl peTpdple TV EAOPPOTNTO EVOG
Yoplov Kot avakaAvmtovpe 6tL Ty g tvon x. [og avtd emnpedlel  cvpnepipopd
HaG 0G0 avaQOopE TNV TPOYUOTIKY] GUOT TOV TPOPANUHaTog, Tov givor 1 Kotnyopio TV
yoaplov; [Mopatmpodpue 6Tt 1 (deopevpévn) mokvotnto THOVOTNTUS NG EVPECNS EVOG
notifov mov avikel 6TV KaTnyopia o) Kot &xel a&la eKTUNTPLOG X pumopel va ypatel pe
dvo tpomovg:  p(w;,X)=P(wjx)p(x)=p(x|w;))P(®;). Kdvovtag avaxatavouy ovtdv
00N YOOLOGTE GTNV ATAVTNGN TNG EPMTNONG HOG oL KaAeital e&icwon Tov Bayes:

p(x|mj)P(co_/.).

p(x)

[Tov oV TepinTwon TV 600 AVTOV KATNYOPUDY YIVETOL:

P(9=2 p(x0,)P(o)). @

* Ievikd ypnopomotovpe kepaiaio p(+) yro va dniAdoovpe cuviptmon mbavotrog kot pkpd p(-)
Yo vo SNADGOVVE GLUVAPTIOT TLKVOTITAG THUVOTNTOGS.

P(a)- 0




H e&icmon tov Bayes pmopei va ekppaoctel g

) likelihood x prior
posterior = .

€)

evidence

H e&lowon tov Bayes deiyver 0Tl mapotnpdvtag tnv Ty TOL X UTOPOVUE Vo
LETOTPEYOVHE TNV €K TOV TPOTEPOV mhavotnta p(®j)) otV ek Twv votépov (1
uetayevéotepn) mbavotnta p(®; [X) — 1 mBavoTnTA N KOTAGTACT TG PVO™G VoL lvan o;
dedopévou O6tL M extipunTpa X Exet petpnOel. Karodue p(x|w;) v mbavoémta tov o) pe
eEKTINTPIL TO X (€évog Opog mov €xel emeyBel Y va deiEel 0T, av Oleg ot GAAEG
nopapeTpot efvan ioot n katnyopio o; yo v onoia N p(x|w;) etvon peyaidtepn givor mo
mlavd va givor n ocwot) kotnyopia). Ipéner va mpooeyBel ot1 elvon amapaitnto va
VTOAOYIOTEL M €K T®V LOTEPOV MOaVOTNTA AOY® NG MOAVOTNTOS KOU TNG €K TOV
TPOTEP®V TOAVOTNTOS. O GTOWEUDONG TTapAyovTas, p(X), wmopel va givonr povo évag
napdyovtag KAIpaKoag mov gyyvdrtor 6tt ot mbavotreg Ba Exovv dbpoicpa €va, OTMG
Oheg ot karég mbavotnTeg Tpémet va, Exovv. H ypapikn mapdotoon g p(wj [X) o€ oxéon
LLE TO X POIVETOL GTO Xy. 2.2 Y10 TIG TEPWTAOCELS TTOL p(®1)=2/3 and p(w,)=1/3.

pfxlmij
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2ynuo 2.1: Yrobetikég ovvoptioeis mokvotyTog mhovotntag yio thv talIvounon kKAGGEwY deiyvovy
™ TOKVOTHTO, TOAVOTHTOS THE UETPNONG UIOS EKTIUNTPIOS X UE OEOOUEVO OTL 1
oxolovbio avikel otny katnyopio ;. EGv to x avaraplord 1o uikog tov wopiov, or dvo
KOUTOAES UTOPEL VO TEPLYPAPOVY TH O10POPa. 0TO UNKOS TV TARBvoumdy 000 toTwv
wopiov. O1 GOVOPTHOEIS TVKVOTHTOG EIVOL KAVOVIKOTOIUEVES KOl ETOUEVIS 1] TEPIOYH
KaTw oo kabe koumoin eivor 1.0.

Edv éypovpe o tyumq x yuoo v omoio P(wi[x) elvanr peyaivtepo amd P(wylx), Oa
uropovcope va odnynbovue otnv andeacn 4Tl N 6OOTN KATAGTACT TS POONG ivan TO
®1. Opoimwg, av 10 P(my[x) elvar  peyardtepo amd 10 P(wi|x), Oa dwodéyape ;. T va



JIKOOAOYNCOVUE aVTA TN dladkacio ETA0YNGS, oG LToAoyilovpe TV TBavOTNTA AdBOoLG
omote maipvovue po amodgocn. Otav maipvovue pia Tiun X,

P (o |x) oV OTOPUCIGOVUE M)
P (e rrori|x ) { .
P(o,[x) 0V ATOPUGIGOVLE M} @)

[Tpopavdg yio dedopévn T TOL X UTOPOVUE VO EANYIOTOTOU|GOVUE TNV
mlavotTa ToV AdBoug emAéyoviag ®; av P(w]x) >P(wy]x) kot 0, oe dAAN mepimtwon.
BéBaia, de pmopovue moté va dovpe okpPdg tnv 10t T Tov X Vo Eopés. Oa
eAIoTOTOMOEL OGS aVTOG 0 Kavovag v whavotnto AdBovg; Nou yiati n péon
mhavoTTO CEAALTOG diveTal amod:

P[mjlx':
] -

0.8¢

: : : : : - X

9 10 11 12 13 14 13

2nue 2.2: Ex twv vetépwv mbavotnteg ue foon tis ek twv mpotépwv P(w)=2/3 kou P(w,) =1/3
Vi TIC OVVOPTHOELS TOKVOTHTOS mlavotntag yio v 1alvounon KAGoewv mwov
poivovror ato Xy. 2.1. Xe avth ) mepintwon dedouévov ot pia axolovbia uetpiétal va

&xel extyunpio x=14, n mbBovotyto. va eivor oty Kotnyopio w; givar polic 0.08, xai
oty w; eivar 0.92. I'a kdbe x o1 ek TV vOTEPWY TBAVOTHTES EYOvY VOO 1.0.

P(error) = T P(error,x) dx = T P(error,x)p(x)dx (5)

Kot ov Yo Ka0e x eEacpariCape 6t P(error|x) Ba ftav 6o pikpd givor dvvatdv, tOtE 0
aképatog Ba NTav 060 pKpoOTEPOS Yivetal. Emouévag €xovpe dotum®doel Tov EmOUEVO
Kavova arogacng tov Bayes yio nv ehayiotonoinon g mbavotntog ceaAnatos:

Eniéyovpe @1 av p(m1]x) >p(m2[X). AAMOG emhéyovpe @,  (6)

Kot pe avto tov kavova n e€icmon 4 yiveto



P(error|x) :min[P(a)1|x),P(a)2|x)] (7)

Avt] M popen ToL KOvOva omdeacng €0TILEL OTO POAO TOV €K TOV VOTEPOV
mlavot)towv. Xpnopomowwvrog v EE. 1, pumopodue va ekppdcovpe tov Kavova Le
O6povg vtd cuvOnKkNg katl ek TV Tpotépev mbavottav. [Ipdta mapatnpnote 0Tt T0
otoyyeio p(x), otmv EE 1 660 avapopd ™ ANyn pog andeaong, eivor amid &vog
nopdyovtag mov diwvel mOGo cvyvd Bo maipvovpe Tég oe por axorovdic g
extymplog x; H vmapén tov om EE& 1 pag dwpefarmdver 6t P(oi|x)+P(wx) = 1.
Awrypaoovtag autd Tov Topdyovia, EXOVUE TOV EMOUEVO EVIEANDS IGOSVVOLO KOVOVOL:

Eniléyovpe o) av p(x|m;)P(m;) >p(X|wz)P(w2). AAAdG emiéyovpe o, (8)

Mepicég emmhéov mAnpoeopieg Hmopovv vo, amoktnBovv av ovOAOYIGTOOUE UEPIKES
EOIKEC TEPIMTOGELS. AV Yo kbmolo X €xovpe p(x|wi)= p(X|m2), TOTE aLTA N TOPATHPNON
0g Hag TANPoeOpia Yoo TN KOTACTOCT TNG PUONG. € QTN TNV TEPITTMOON 1 ATOPOCT)
gykeltol amdALTO OTIC €K TOV TPOTEPWV TOAVOTNTES. ATO TNV GAAN, av P(w;)=P(w,), ot
KOTOOTACELS TIG @Uong eivor eEloov mbovéc. Xe avty v mepimtwon 1 andeoon
Bacileton €&’ oloxAnpov oTc p(x|wj). I'evikd, kot ot dvo ovtol mapdyovieg eivon
onuavTiKoi otn Ayn [og omdeaons, kot o Kavoévag omdeacng tov Bayes tovug
oLVOLALEL Yo VO TETVYEL TNV EAGYLOTN TOAVOTNTA GOAALATOG.

2.2. Osmpio Amo@aocnc Tov Bayes — Xvoveyeic Ektiuntpueg

B0 TVTOTOMCOVLE TOPA TIG OEES TOL OVOPEPOALLE, KOL OO TIG YEVIKEDGOVLE LE TECGEPLG
TPOTOVG:

* Emtpénovtog t yp1ion mopamdve omd Hog EKTIITPLOG

* Emutpénovtog 600 KataoTdoelg g gUong

* Enutpénovtag evépyeteg O10popeTIKES 0md TNV amdPACT THG KOTAGTOONG THG PUOTC
* Ewcdyovtag po cuvéptnon andAelog o yevikn amd v mavotnta GeaAnatog.

AVTEG 01 YEVIKEDGELG KO Ol GUVOOEVTIKEG TEPUTAOKEG GT|LOVGNG TOVG OE TPETEL VOl
gumodicovy To KeVIPIKA onueion mov amewkovilovior 6to amAd TOPAdEIYUA  LOG.
Emtpénovtag ) yprion mopandve ond [og EKTIUNTPLOG AToLTEl AVTIKOTAGTOOT TOV X UE
10 d1dvoopo. ekTATPLAG X, OOV X givan évag d-Sruotdoemy Eviieideiog ydpog RY, mov
ovopaleton dtotnpa ektuntplag. Emrpénoviag nepiocotepeg amd 600 KATAGTAGELS TG
@VoMG pHog dtvel g yprowun yevikevon ya éva pikpd Papog onupaveons. Emtpénovrog
evépyeleg GAAeg amd v taStvounomn apyikd emtpénel v mOavoTnTa TNG OTOPPIYNG,
Y., TNV GPVNOT TNG ANYNG TG OIOPACTS Y10 TOPOLUOLEG TEPTTAOGELS; AVTO elvon po
YPNOUN ETAOYN OV 1 OVOTOPACIOTIKOTNTO O &ivor moAD damavnpr. Tomkd, 1
oLVAPTNOTN ATMAELNG dNA®MVEL oKkPPDS mOco damavnpn elvor n kébe amd@aoct, Kot
YPNOOTOIEITOL Y10 VO HETATPEYEL EvaV TOAVOAOYIKO TTPOGOOPIoUO o€ amoact. Ot
GLVAPTNGELS KOGTOVG HAG OPTVOLY VO OVTILETOTICOVIE KOTAGTAGEL GTIS OTOlES KOTOLL
AGO tagvounong kKAdoewv gival mo damavnpd amd GAAEG, av Kol cuyxvd cuintdue v



To amAf Katdotaor, 6mov OAa Ta Aabn éxovv 10 1010 Bapoc. Me avtd cav mTpdroyo, ag
apyicovpe pa mo enionun eneéepyaocio.

Eoto o, ..., © elval T0 Temepacuévo chHVOLO TV C KOTACTAGE®MV TNG GUONG
(“xatnyopiec”) xou ay, ..., o, €ivor 10 mETEPAGUEVO GUVOLO TV TBovodV gvepysumy. H
cLVApPTNON OmMAEWG A(0i|m)) TEPLYPAPEL TNV OTOAELD TOV TPOKVATEL OTAV EMAEYOLLE
v evépyela o; Otav 1 Katdotoon g evong eivol o; . 'Eoto 1o didvocpa ektiufiTplag X
ot eivan pio d-0100TdoE®V SAVUGUOTIKG EKTILOVUEVT] TUYXOio HETAPANTY, Kol £5TM
p(x|o;) eivar vd 6povG KOTAGTACNG 1 GLVEPTNON TVKVOTNTAS TOAVOTNTAG Y10 TO X — 1)
cvvaptnon mukvotnTag TOavOTNTUS Yoo To X pe T Tpobimobeon Ot o) eivol 1 cwOTN
Kotdotaon g evong. Onwg mponyovpévag, To P(w;) v ek tov npotépov mbavotnta n
Kotaotaon e evong va sivar o; . Tote N ek TV votépav mOavoTTa p(®;|X) propet va
vroAoytotel and v p(x|wj) p€cw tov TOTOL ToL Bayes:

p(x|a)j)P(a)j)

p(x)

P(o; x)= (9)

OmoL TO GTOlYElO Elval TOP

C

p(x)=2p(xe)P(w,) 10)

=

Ynoféote OTL mapatnpovpe €va GCLUYKEKPIUEVO X Kol OTL avaloyilOpooTte va
emAéCovpe TV evépyewn o;. Av 1M TPOYHOTIKY katdotaon g euong eivar o; , €5
opopov Oa Eyovpe o anorewo A(ai|o;). Aeod p(wjx) eivor n mboavoéTTo N COOT
KOTAGTAON TNG QUONG Vo €lvOl ®j, 1 OVOUEVOHUEV] OTMOAEL GE GUVOLOGUO HE TNV
evépyela a; etvon povo:

R(ailx)=2/1(ai]a)j)P(a)j|X) (11)

e 6povg TG Bempiog amoPAce®V, Lo AVOUEVOLEVT] ATOAELN KOAEITOL plOKO, KO
R(aix) kaAeiton deopevpévo pioko. Omote epyOUACTE AVIILETMOMOL [E L0 TOPOTNPNON
TOV X, UTOPOVUE VO EAMYIOTOTOMGOVUE TNV OVOUEVOUEVY] OTMAELD EMAEYOVTAG TNV
evépyetla mov Oa amoeEPEL TN KPOTEPO OEGUEVIEVO pioKo. Oa deifovpe Tpa OTL AVLTN M
dwdwacio amdacns tov Bayes pog divel oty mpaypatikomra v BEATIOT 0mdooo
070 GLVOAKO pioKo.

Tomkd kaBopiopévo, to TpdPAnua pag sivor va Bpodpe Eva kavova amdPaonS
v p(®;j) 0 omoiog erayioTomolel T0 cuvolkd picko. Evag yevikdg kovovag amd@acng
elval o cuvéptnon a(x) 1 omoia Hog AEEL TOL EVEPYELD TPETEL VAL 0KOAOLOGOVIE YO
KkdOe ovvarr mopatipnon. o va glpacte mo cvykekpluévol, yo ke X 1 cuvdptnon
andeaong o(x) maipvel o amd TG a TWES O, ..., 0. 10 CLVOAIKO pioko R eivar 1
OVOLLLEVOLLEVT] OTMAELDL GUVOLOGUEVT] LE €vo. OOGUEVO Kavove, amdPacns. Aeov R(ailx)
elval 10 0ecUEVUEVO PIOKO GLVOLOGUEVO HE TNV EVEPYEWD O, KOL 0POD O KOVOVOG
anoeaong kabopilel v evépyela, T0 GLVOAKS picko divetar amd:

szR(a(x)]X)p(x)dx (12)



omov dx givai n ofjpavon yio éva d-01eTdcE®Y GTOotYEL0, Kot OOV 0 OKEPALOG EKTEIVETOL
o€ OLO TOV YOpo NG ekt TpaG. [lpopavag, av a(x) emieydel mote R(ai(X)) eivon 660
70 duVaTOV KPATEPO Yo KABE X, TOTE TO GLVOAIKO picko Oa elayiotomomBel. Avtd
emPePardvel t0 emdpevn MAwon Tov Kavova amdeacng tov Bayes: Ta va
EAOYIOTOTOUGOVE TO GLVOALKO pioko, VToAoyilovpe To decUeEVUEVO pioKo

R(ai|x)=Zi;/1(ai|a)j)P(a)j|x) (13)

vy i= 1,...,a Kou emA&yovpe TV evépyewa a; Yo tnv omoia To R(ai[x) etvan eldyioto.* To
EMIYIGTO OMOTELEG O TOV GLVOAKOD pickov Koleitor pioko Tov Bayes, dnidvetar w¢ R,
Kot €ivo 1 KAAVTEPT EPIKTT aTOS00N.

2.2.1 Ta&wvopnon Avo Katnyoprov

Ag ovvumoloyicovpe avtd ta amoteléopata dtav £papudlovtol GtV 01K
nepintoon mpofAnudtov Tasvounong dvo katnyoptdv. Ed®m n evépyela a; avtictoryet
TNV amOEAcT OTL 1] GOOTN KOTAGTAGN TNG PUONG ival M), KOL 1] EVEPYELX O AVTIGTOLXEL
oV amdPAcT OTL 1] GOOTH KATAGTAON TG VNG elvarl ®2. ['o amAdTNTO ONHOVONG, OG
gtva Ajj = A(04]@)) N om@AEW TOL TPOKVTTEL Y10 TNV ETAOYT ©; OTOV 1] GOGCTH KATAGTUCM
™mg Qvong eivar ; . Av ypdyovpe to decpevpévo pioko mov divetar and v E&. 13,
EXOVE:

R(ey|x)=4,P(o]x)+A,P(m,]x) ot
R(a,|x) = A, P(|x)+ A, P(,]x). (14)

Yrdpyovv moALol TPOTOL VL EKPPACTEL O KOVOVOS OmOPAoTS EANYIGTOV pioKOL,
Kot koBévag €xel ta OKA Tov pKkpd mheovektiuota. O Begpeldong Kavovag eivar va
emiééovpe @ av R(oy[x)<R(0p|x). L& 6povg ek TV VOTEP®V TOAVOTNTOV, EMTAEYOVLE
®] oV

(ﬂ"zl_ﬂﬂ)P(a)l‘X)>(ﬂ12_ﬂzz)P(a)2‘X) (15)

* [Ipocé&te OTL av TEPLOGOTEPES OO Lo evEPYeLes eElayiotonotovy v R(ax), de mailel poro mola evépyeia
B0 AneBel, Ko omorocdnmote BoAkdg Kavovas Tov Bo dDCEL Lt OTOPAoT Yot TIG LIGOOVVOLLES EVEPYELEG
umopei vo. xpnoiomombei.



ZuvOmg, M an®AEl0 TOV TPOKVTTEL Ao éva AdBog eivar peyodvtepn and v ammAEL
Y £voL 6mGTO, KO 01 OVO TAPAYOVTEG Az1—A1 Kol Ajp—Ay elvan Betkol. Katd cuvéneia
ommv TPA&n, M amdeactn pog Kobopiletar yevikd omd v mOAvOTEPN KATACTUCN NG
@Oone, av kot mpémel vo. PaBUOVOUNCOVUE TIG €K TOV VOTEPOV TOAVOTNTES HE TIC
JPopES 0TI amdAElEG. XPNOOTOIOVTNS TO TUTO Tov Bayes , pmopodue va
OVTIKOTAGTNGOVE TIG €K TOV VOTEPMV TOAVOTNTES LE TIC EK TOV TPOTEPMV TOAVOTNTES
KoL TIG OEGUEVHEVEG TUKVOTNTEG. AVTO 001YEL GTOV IGOSVVOLO KOVOVE, VO OTOPAGIGOVLLE
®] oV

(/721 _Al)p(x|a)1)P(a)1)>(ﬂ1z —lzz)p(x|a)2)P(a)2), (16)

aAMOG .
Mo 6AAN evaALoKTIKY], 1| OToia akoAovBel TO AoYiKO cLUTEPACHA OTL Aa1>A 1,
etvan va emAEEovpe ) oV

p(x|a)1) 212_}“22 P(a)l) 1
p(x|a)2) - Ay =, P(wz). (4

Avty 1 popen tov Kavéve omdeacng eotialel oty eEAPTNoN Amd TO X TOV
mokvotteav mlavotntag. Mropodue va Oswpncovpe p(x|o;) pa cuvapTnomn Tov j (..,
N ovvaptnon mbavétnrag), Kot peTd vo oynuoaticovpe to pvbué mbavoryrog
p(X|o1)/p(x|®;). Emopévog o kavovag amdeaong tov Bayes umopel vo epunvevtel wg
KAom Yo ETA0YN TOL ®; av 0 PLOUOS TBavVOTNTAG VITEPPaivEL oL T KATOEAIOV TOV
elvatl aveaptntn and TV TOPATHPNOT TOL X.

2.3 Ta&wvounon Ilocootov EAayiotov Xedipatog

e mpofAquota tagvounongs, kébe katdotaon g UoNg cLVHB®S GLVIEETAL LE
Lo SIOPOPETIKT ATd TIG € KAAGELS, Ko 1 EvEpYELD 0 EKPpaleTan cuVNOWE OC 1 ATOPUCN
OTL 1] CWOTH KOTAGTACN TNG PVONG eivarl wi. Av emdeyDel ) evépyeia o Kot 1 TPOYHOTIKY
KOTAoTOoN TG eOomng elval ;) , Ot N amdPact eivol oot av 1=j, Kot Adbog av 1 #j.
Mo va amogevyBovv Ta AaOn, givar puoikd va avalntioovpe Eva Kovova amdQacng Tov
elayrotomotel v mBavotnTo GEAANNTOS, T.Y., TO TOc0oTO AdBovg. H ocuvvaptnom
OTTMOAELNG Y10 VTN TNV TEPIMTMOOT EIVOL 1] KAAOVUEVY GOUUETPIKN 1| UNIEV-EVO. GLVAPTNON
OTOAELOG,

0 1=
/1(05.|a).) — { =10 (18)
v 1 i

Avt m ovvdptnon amo®AEG Oev €l00YEL KOOOAOV ATMOAEWL CE IO GOOTY|
amoeaoT, Kol elodyel po. povodwoio andAeln o kde AdBoc. Emopévag ola ta AdOn



&xovv 10 1010 K00T0C.* TO PlOKO TOV AVTIGTOLXEL GE AT TN GLVAPTNOT OTOAELNG Eivor
aKplpadg N péon mBavOTTA GEAAUATOS, POV TO OEGUEVIEVO pioKO glval

R(alx)= jzc_]:}t(aJa)j)P(a)j\x)
=ZP(“’/‘|X)

J#i

—1-P(ox) (19)

kol P(wix) eivon n deopevpévn mbavotnta 0tL 1 evépyela o; eival cootr. O Kavovag
anoeaons tov Bayes yio v ghayiotomoinon piockov B€Ael v emAoyn g EvEPYELNg
mov elaylotomolel To decpevuévo pioko. Emopévoe, v va ehayiotomomBel n péon
mBoavotNTo. CEAAHOTOC, B0 EMAEYOUE TO | MOV WEYIGTOMOLEL TNV €K TMOV VOTEPWOV
mlavotta P(wix). Me dAha Adyia, yioo EALAYLOTO TOCOGTO CPAALATOC:

Emiléyovpe o; av P(wix) >P(wj|x) yia 0Aa ta ;= ;. (20)
Avtdc givan 0 1010¢ kavovag pe v EE. 6.

Eidape oto Zy. 2.2 pepkég mokvotnteg mbavotntog yu tv ta&vounon kKAAcemv kot
TG €K TV votépav mbavotnteg;, To Zy. 2.3 deiyvel to puBud mbavomrag p(x|o;)/p(xw?2)
v v dwo mepintowon. ['evikd, avtdc o puOudg pmopet va mTapet THEG HETAED UNOEV Kot
drepo. H tyun katoeAiov Ba eival ot ideg ek twv mpotépmv mOBavOTNTEC OAAGL pE
ouvaptnoelg undév-éva. Tapatmpnote 0Tt avtd odnyel oe andeacn dwv opiwv OT®G
010 Xy. 2.2, 0mw¢ Oa énpene. Av Tuopnoovpe ta Aaln taSivopdvrag akolovdiec w; g
®2 mePLocoTEPO amd OTL  avtiotpoea (m.y., A >A;2), tote m EE& 17 odnyel oto
ONUEIWUEVO KOTOQAL Oy . TIpocéEte OTL 01 TES TOV X Yo TIG omoieg TAEIVOUOVUE [a
axolovBio cov ®; yivovton pkpotepes, OTmg Bo Empeme.

* Emonpoaivovpe 6Tl 01 DTOAOUTEG GLVOPTHCELS ATMAELNG, OTTMG 1 SELTEPOL PaBLLoD KOt 1 YPOLLLKNAG
dpopdg, Pplorkovv guphtepn xpnon 6Tovs 6TOYOVS 0MGH03POUNGNG, OOV VIAPYEL LIt PUOLKT GEPA OTIC
TPOPAEYELS Kot LTOPOVUE e ONUHaGio Vo TILOPNCOVUE TIC TPOPAEWELS TOL glvat «mTio AaBogy amd AAAEC.
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plalw, )
p(alws)

R, R R, R

1 2 1

2ynua 2.3: Or poBuoi mbovotntog p(x|w)/p(x|wz) ya tig kotavoués mov paivovial oo
2x. 2.1. Av ypnouomoioovue ammwieio. unoév-éva. 1 tolIvounons, to. opio. e
amopaons pag kabopilovior and to kotweit 0, Av 1 oovdptnon amwieiog
TIUPEL TIGC AAO0S KOTHYOPLOTOINUEVES 0KOAOVOIES ) (WG ] TEPIGTOTENO OTTO
0 avtiopopo, (T.x., Aix>Ax), maipvovue ueyolvtepo xatwpli 0b, ki
emouEvwgs to R, yivetal uikpotepo.

2.3.1 *Kpvrpro Meyiotov EAlayioctov

Mepicég popég mpémel va oyedidcovpe éva tatvountn va Asrtovpyetl KoAd Eva
€0pog €K TOV TPOTEPOV THOVOTHTOV. [l Tapddetypa, 6To TPOPANUO KOTNYOPLOTOiNoNG
YOPIOV UITOPOVUE VO PAVTAGTOVUE OTL OGO 01 PLGIKEG 1OLOTNTEG TNG EAAPPOTNTOS KOl TOV
TAATOVG KAOE €100VC Yaplov TopapEVOLY 0TaBEPEG, Ol €K TV TPOTEPOV TOAVOTNTEG
umopel va dlapépovy apKeTd kot pe ampoPrento TpoOmO, 1 evorlokTikKG OEAlovpe vo
YPNOUYLOTOUCOVUE TOV TAEVOUNTH GE EVOL SLOPOPETIKO PUTO OV O EEPOVLE TIC EK TOV
mpotépmv mBavottec. Mo Aoyikn mpocéyyion elval TOTE Vo ONUIOLPYCOVUE TOV
Ta&vounTty oG £T61 OOTE TO YEPOTEPO OAMK(G PIGKO Y10 OTOLONTOTE TIUN TOV €K TOV
mpotépwv mbavotntv vo elvor 660 pkpdtepn elval duvatdov — OmAadn, va
EAOYIOTOTOGOVE TO LEYLOTO TTOAVO GUVOAKA PiGKO.

I"a va to xataddBovpe avtd, Exovpe 10 Ry va delyverl (dyvooto péypt tdpa)
TEPLOYN OTO YDPO EKTIUNATPLOG OTTOV O TaEVOUNTHG AmoPocilel ; Kot To 1010 Yo Ta Ry
KOl (7, KO LETA Yphpovpe To cuVoAKO pioko EE. 12 6e 6povg decpevpévon pickov:

R= [P (@) (o) +2uP(0:) (0.
o[ [aP(@) p(s0) + 2P (@) p(vo,)] .

11



Mmnopovpe vo  ypnowomomcovpe 10 yeyovos  P(wy)=1-P(w;) ko oT
.[ p(xl@ )dx=1- J p(xl@, )dx kar propodue va Eavaypéyovpe 1o pioko og:

R R,

=R, minimax risk

R(P(a)l)):lzz +(/112 _ﬂzz)k!.p(xw)z)dx

+P((01) (/111_222)_(}'21_111)J-p(x|a)1)dx_(}'12_ﬂzz)jp(xw)z)dx . )

R,

0 for minimax solution

Avty 1 eElowon Odeiyver 0t poMg Opwa €xovv opiotel  (my., Ry ko Ry), 10
oLVOAIKO pioko elvar ypoppkd g P(m;). Av umopodpue va Bpodpe Eva 6p1lo T€T010 OCTE
N otabepd avaroyiog va eitvar 0, tote TO pioko eivar aveEAPTNTO TOV €K TOV TPOTEP®V
mlavot)tev. Avt givor 1 Abon Meyiotov EAayiotov, kot to picko peyiotov glayiotov,
Rinm, pmopetl va AneOetl and v EE. 22:

R, =, +(212 _/?'zz)jp(xm)z )dx
. (23)
=My, +(ﬂ“21 _/111) I p(x|a>l)dx.

Y10 oynuo 2.4 eaiveton avt n mwpocséyywon. Ev cuvropia, yayvovue yia v ek
TOV TPOTEPMV Yo TNV Oomoio T0 picko tov Bayes eivar péyisto, 1o avtictoyo Oplo
andeaong dtver  Adon peyiotov ehayiotov. H tyunq tov pickov peyiotov ghayiotov,
Rmm, €tvan ca cuvéneia ico e to xepodtepo pioko Bayes. Ipaxtikd, n €dpeon tov opiov
andpaong vy pioko peyiotov ehayiotov pmopel va elvar dVOKOAN, €101KE OTOV Ol
Katavoués tvon mepimiokeg. Evtovtolg, o pepikéc mepurtdoelg 1o oplo pmopel va Ppebdet
avoivtika (IpdRAnpa 3).

To xpunpro peyiotov ehayiotov Pploker evpeion epappoyr ot Oewpeio
TOLYVOLOV amtd OTL GTNV TOPAdOCIOKT] OVOyVMOPLoT TPOTHT®V. Xt Oewpia maryvidldy,
éxete éva exBp1Kd avTImOlo OV OVOLLEVETOL VO KAVEL 10l EVEPYELDL LEYIOTNG KATAGTPOPT|G
v coc. Emopévog stvon Aoyikd va evepynoete (.. va kdvete pua tavounon) émov 1o
KOGTOG — AGY® TOV EMOUEVOV EVEPYEIDV TOV OVTITAAWDY GO — EANYLGTOTOLOVVTOL.
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Zynuo. 2.4: H koumddn oto karw uépog deiyvel to eAdyioto (Bayes) AdBog oav ovvdptnon &k twv
rpotepwv mbovotntwyv P(w;) oe éva mpofinuo talivounons ovo karnyopiov ue
otabepéc korovoues. 1ia kobe tun twv ek twv mpotépwy (w.y., P(w;)=0.25) vrapyel
éva ovtiotoryo PEATIoTO 0plo amdépaons Kol oOVOLOGUEVOS pLOUOS OPAALATOS TOD
Bayes. o kd0e (mpooopuoouévo) tétoio oplo, av ot ek v Tpotépwv alloybovv, n
mBovomnra opdiuatog Bo arlalel oov ypouuixy oovaptnon v p(w;) (dlaxekouuévn
ypouun). To uéyioro t€ro1o Labog Ba ovufel oe uio axpoio TN TV K TV TPOTEPWYV,
0w oo p(w;)) = 1. Ta va eloyioromoijoovue 10 peyaro evog tétorov Aabovg, Ga
TPETEL VO TYEOLATOVUE TO OPLO ATOPATHS Ylo. TO UEYIOTO o@dAuc Tov Bayes (eda
p(01)=0.6), ko1 emouévwg 1o opdiua o Bo alidler ws ovVapTHON TWV €K TWV
TPOTEPV, OIS PAIVETOL OTTO THV COUTOYH KOKKIVY YPOLUT.

2.3.2 * Kprripwo Ttov Neyman-Pearson

e pepkd mpoPAnpata, pmopel vo OEAoVUE VO EAOYIGTOTON|GOVIE TO  GUVOMKO
pioko og éva mepropiopd; Mo mapdderypa, pmopel va BELOVIE VO EAOYICTOTON|GOVUE TO

GLUVOAIKO picko o€ €va TEPLOPIGHO J‘R(al.|x)dx < constant Y. KOTOL0 GLYKEKPLUEVO i.

"Evog té€t010¢ meplopiopdc umopel vor mpokvyel 6tav vrapyel £vog otafepodg mOPOS Tov
oLVOOdELEL Lol 101aiTEPN EVEPYELD Qi, 1 OTAV OeV TPEMEL Vo KoTaymproovpe AdBog 1o
TPOTLTO OO [ WNITEPT] KOTAGTOON NG QUONG ®; GE MEPLOCOTEPO amd KAmon
nepopopévn ovyvotra. I[Mopadetypotog ydptv, 6T0 TOPASEIYHO WYOPLOV HOG, VO
VrdpEel KATO10G KLPEPVNTIKOS KAVOVIGUOG OTL 0V TPEMEL VA Katoymproovpe Aabog
neplocoTEPO amd 1% and o colopd N Tig mépkeg 0dAaccas. ‘Eneita va emdidEovpie o
andpacn avtdc ehayoronolel v mhoavotnta TaSvounons o mépka 0dAaccag o
GOAOLO.
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Ikavomotodpe yevikd 1o kpumplo Neyman-Pearson pe va pvBuicer 1o Opla
andeaong aplfuntikd. Eviovtolg, v Tig YKOOLGOI0VEG Kol UEPIKES AALES KOTOVOUEC,
Moegilg Tov Neyman-Pearson pmopovv va Bpebodv avarvtikd (Ipofinuata 5 & 6). Oa
Eyovpe ™V atia yu vo avaeépovpe to Kprripioe Neyman-Pearson avd oto Keg. 2.8.3
OTO (OPOKTNPLOTIKA AetTovpyiog.

2.4 Ta&wountéc, Alokpivovoes cvvaptioels kot Emeaveieg
amToPaong

2.4.1 H wepinton ToOALOV KATYOPLAOV

Yndpyovv morAhoil dSropopetikol TPOTOL TOL AVIUIPOCOTEVOVV  TOEWVOUNTES
potOTV. 'Evoc and toug mo ¥pMnoyovg ivatl pia 6epd omd d10kpivovses covopTHoELS
gi(x), 1 =1, ..., c. O ta&vountg ypnotponoteitat yio vo opicet €va StGvVOGHO EKTIUNTPLOG
X 011 KAQoN 0; oV

g (x)>g,(x) 110 KGOE #1 (24)

Kotd ovvénewn, o talwvountig oavietoniletor o¢ Siktvo N pUnyovn mov
VIOAOYILEL © d1aKrpivovoes cLVOPTHOEIS KOl ETALYEL TV KOTNYOPIOl TOV OVTIGTOLYEL 0N
HeYoADTEPN dlakpivovca Guvaptnon. Mia SikTvakn avamopdoTacy €vOg TOSIVOUNTY|
eoivetal oto Xy. 2.5.

Action
(e.g., classification)

Discriminant
functions

Input

2ynuo. 2.5: H Jertovpyikn doun €vog yevikov orotiotikod TolIVountyi TPoTOT@V 0 0moiog
repidoufaver d e1o00ovg ko ¢ diaxpivovoeg ovvaptioels gi(x). Eva emduevo Pruo
kabopilel woio amo TIG TIUES OLAKPIVOVOAS TOVOPTNONGS EIVOL I UEYLOTH, KoL TACIVOUET TO
TPoTVTO EloOYWYNS avoroyws. To Péln mapovoialovv v kotedBoven s pons twv
TANPOPOPLOV, av KoL GUYVE T0. fEAN Topaleimovial otow 1 KatevBovon TS pong eivol
ovTOVONTH.

"Evag ta&ivoung Bayes gbkoAa Kot uoikd avaropictatol Kot outd ToV TPOTO.
IMa ) yevikn mepintoon pe ta pioko, pmopovue vo Bécovpe  gi(x)= —R(wi|x), amd
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LEYLOTY OlKPIvVOVCH GLUVAPTNOT AVTIGTOLKEL £EITO 6TO EAAYLOTO despELVHEVO pioko. [
TV TEPITTOOT TOV EAGYIGTOV TOCOGTOV GOPUAUATOV, UTOPOVUE VO OTAOTON|GOVUE TO.
TPAYHOTO TEpOUTEP® HE TN AWM gi(X)=P(wix), éto1 dote n péylom dwkpivovsa
OLVAPTNOT OVTIOTOLEL OTN HEYIOTN €K TOV VOTEPOV THAVOTNTO.

Yapdc, N emAoyn doKpivovowmV cuvaptioemy dgv gival povadikn. Mmopolue
TOVTO VO TOAAOTAOGIAGOVUE OAEG TIC OKPIVOLGEG GLVOPTAGELS HE TNV 1010 BTk
otabepd 1 va Toug petatomicovpe pe v 101a Tpochetiky otabepd ywpic ennpeacud g
andépaone. evikdtepa, eav aviikadiotaue to kdbe gi(x) pe f(gi(x)), omov f(-)eivor o
povotova ov&avopevn cuvaptnon, N TpokvItovca tavounon sivol apeTafAnt. Avt
N TOPOTAPNON MUTOPEl Vo OONYNOEL GE ONUOVTIKEG OVOAVTIKEG KOl VITOAOYIOTIKEG
amAomomoels. Ewdwotepa, yioo v toSvounon €AA)IGTOV TOGOGTOL GCOOAUATOV,
oo dONTOTE IO TG aKOAOVOEC emA0YEG divel Ta 1w amoteAéopato TaSVOUNoNG, AAAL

HEPIKA pmopolv vo. glvatl TOAD amAovoTepa Vo Katovondovv 1 vo LTOAOYIGTOVV Ao
Ao

- p(xlo,) P(o)

g (x)=P(afx)=- (25)
]Z_;p(x\a)i)P(a)i)

g (x)=p(xlo)P(e) (26)

g (x)=Inp(xlo)+nP(w) 27)

6mov 10 In dnAdvel puokd AoydpBuo.

Axopa KL ov ol doKPiVOLGEG GUVAPTNGELS UTOPOLV VO YPOPTOOV LE TOIKIAEG
HopQES, ot Kavoves amdpaong sivar oodvvapolr. H emidpoaon omolovonmote kavova
amoOPaoNG tvol va SLpEGEL TO YMPO EKTIUNTPLOS GE € TEPLOYES amdpaons, Ri,...,Rc. Av
gi(x)>gi(x v k&Oe j #, totE X glvon ot mepoyn Ri, ko 0 kavdvag amdpaons pag Aéet vo
tonofetnoovpe t0 X 610 ;. Ot meproyes elvan ywpiopéves amd ta Opla amdPUoNG,
EMPAVELEG GTO YDOPO EKTIUNTPLOGS OOV gRPavilovTal 1I60TaAlES HETAED TOV PEYAADTEPWV
dakpivovomv cuvapticemv (Xy. 2.6).
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p(xlo )P{o)

A
Decision

Boundary

2o 2.6: Xe avto 10 0100160TOTO TOCIVOUNTH 000 KOTHYOpLdY, 01 TOKVOTHTES TOAVOTHTOS £ival
yraovooiavés (ue 1/e eAeiyels mov mopovaidloviai), 10 Oplo amOPacHS amoteleital
oo Vo vEEPPOIES, K ETot ) TEPIOYN amOPacns R, dev ovovoéetar omAd.

2.4.2 H ntepintmon 600 KATNyopPLOV

Evo n mepintoon 600 katnyopudv eivor akpidg pa €01k mepintmon g
TEPIMTOONG TOAATADV KATNYOPLDV, £xel AAPel mopadocloKd yoploty| emetepyacio.
[pdypatt, £vog ta&tvountg mov tonofetel Eva mpOTLTO GE Lo Amd PHOVO SVO KATNYOPiEg
éxel éva €101KO Odvoua — o dryotouog.* Avti g ypnolLonoinong Vo dtyoTOUmV
JKPIVOLG®V GUVOPTACEMV g1 KOl g2 KOl OVTIGTOLYOVTOG X OTO M) OV g1 >gs, €IVOL 71O
QLo va kabopilotel pa eviaio Slakpivovca GuvVAPTN O

g(x)=g(x)-g(x), (28)

Kot yuo va ypnoponombei o akdiovbog kavova andeaonc: Emdéyovpe o, av g(x) > 0;
oAk emiéyovpe 2. Kotd ovvémewa, por dryotopog umopel va Bewpnbel cav pua
punyovny ov vroloyier pia eviaior dtokpivovso cuvaptnon g(x), kot toStvopet 1o X
oOUP®VA HE TO OAYERPIKO oNUAdL TOV ATOTEAECUATOS. ATO TIC O18POPEC LOPPES TOL
umopet va ypatel 1 dtakpivovsa cuvdptnon eAdylotov T060cToH AdBovg, ot akdlovdeg
dvo (mapayopeves amd Tig EE. 25 & 27) eivon wdraitepa forkég:
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g(x):P(a)l\x)—P(a)2|x) (29)

(30)

2.5 H Kavovikn ITvkvéotnta

H doun evog ta&wvountr Bayes kaBopiletor amd T1g decpevpéveg mukvoTnTeg
p(x|®;) KaBDS Kot amd TIS €K TV TPOTEPMV TOAVOTNTES. AT TIC SLAPOPES GVVAPTNGELS
TOKVOTNTOG oL €YovV dlepevvnBel, Kapia dev &xovpe mpocélel meplocdTEPO amd TNV
KOVOVIKT] TOAA®V HETOPANTOV 1] TNV YKOOVGGIOVH TUKVOTNTA. € peydAo Pabud avtn n
TPOcoYN OoPeidetal otV avoAvTikn eumeibeld g Evtovtoig 1 moAhodv petafintaov
KOVOVIKT TukvOoTNTa £lval emiong éva KoTdAANAO TPOTLTO Y10l L0 CT|UOVTIKT KOTAGTAOT,
ONAadn, v TEPITTOON TOL TA SOVOCUATO EKTIUATPLOG X Yo (ol SOoUEVN KAAOT ;
EXOVV GLVEYELS TIUEG, TVUYOIN AALOIOUEVES EKOOGELS EVOG EVIAION YOPAKTNPIOTIKOD 1 EVOC
TPMTOTOTOV OOVOCUATOG [i. X€ OLTO TO TUNHO TOPEXOVUE L0 GUVOTTIKY £KBeom Tng
TOMAOV  PETOPANTOV KOVOVIKNG TUKVOTNTOG,  €0TIALOVTOC OTIG 1010TNTEG UEYIGTOV
EVOLLPEPOVTOG Y1a. Ta, TPOPALOTA TAEIVOUNOTG.

Kat' apydg, Bounbeite tov opioud e avoauevouevns aliog pog KMUOK®OTAG
ouvapmnong f (x), kabopiopévn yio kdmoto TokvoTTa p(X):

0

El:f(x)] = I f(x)p(x)dx. (31)

—00

Av &ovpe TG amd €va yopo D amd o Slokpit) KOTOvOUn TPETEL Vo
afpoicovpe OAES TIG TYES HOG

E[f(x)]=2/(x)P(x), (32)

xeD

omov p(x) etvor M palo mBovoTTAg TOL X. OO TPEMEL GLYVA VO VTOAOYICOVUE TIC
OVOUEVOUEVEC TIMEC — amd ovTég kot avaroyeg e&lomoelg mov kabopilovtar o€
vynAdtepes draotaoels (deite to mapdptnua Keo. 7?7, 72?7 & 77).*

* "Evag tavopntg yua mepiocdtepes amd S0 Kotnyopleg kaAeiton TdOAVI1X0TONOG.

* Oa YPNCYLOTOWCOVLE GUYVA TNV KATMG XOANPT OPOAOYID EQAPLOGUEVIC LNYXOVIKNG Kot Ba
avapepbovpe og éva povadiko onueio g "detypa." Ot 6TaTIoTIKOL, £V TODTOLS, AVOQEPOVTAL TAVTA GE £Va
delypo wg GLAAOYN TV oNUEIOVY, Kot TO avapépouy g "éva detypa tov peyéBouvg n". Otav Aappdvetot
VIO, VIAPYOVY GIAVIO, AGAPELES GE TETOLO YPTON.
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2.5.1 Megrapintn Hokvotnto

ApyiCovpue pe tn ovveyn HETOPANTN KOVOVIKT 1] YKOOLGGLOVT TUKVOTNTA,
1 1(x—u T
plx)= exp| —— , (33)
(x) 2o l: 2[ o }

Yy TV omoia M ovapevopevn T tov X (po péon Ty, €0® €xel Anedet 6to Ydpo
EKTIUNTPLOG) Efvar

0

U= E[x] = j xp(x)dx, (34)
K0l OTOV TO OVOLLLEVOLLEVO TETPAY®VO TNG TUTKNG OMOKAONG M| uetafintotyro.
o’ zE[(x—yY}: j(x—y)zp(x)dx. (35)

—00

H petofAnm kavovikr] mokvomnta dtevkpiviCeton amd 600 mapatéTpous: To HEGO U Kot
mv petofintomnre oF . T amhomrte, PAémovpe ouyvd v EE. 33 ypapovtog
p(x)0 N( 1, 02) Y Vo SNAOGOVPE OTL X £€YEL KOVOVIKY KOTOVOW|, HE MEGO W
petapAntomra 6. To Seiypato omd Tic KaVOVIKEG KATAVOLES TEIVOVY VoL GLYKEVTP®mOODY
Y0OPO amo T0 HECO OPO, LE i 01000 GXETIKN He TN otafepn amdkAion 6 (Zy. 2.7).

plx)
&

] II '!{

pn-2g p-o u T W+ 2a

2ynpo 2.7: Mio petofAnti kavoviki kozovour Exel kota mpooéyyion 95% tng mepioyn e oo
g0pog |x - ,u| <20, onws paivetar. H oy tg kazavoung &yet v acio.

=1
p(w) / \/EO' .
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Ynrdpyetl o Babid oxéon petalhd g KovoviKiG KATOVOUNG KoL TG EvIpomiog. Oa
eEetdoovpe v evrpomio Aertopepéotepa oto Keg. 7?7, aAld yio TOpa LOVO dSNADVOLUE
OTL M evTpomiol LG KOTOVOUNG Bivsrou wt(')

j p(x)In p(x)dx, (36)

Kol PETPLETAL 0 nats. Av Xpnmuonom@a logz, M uovocﬁa glvan bit. H gvtpomio givar o
N opvnTIKn TocOTNTO TOL TEPLYPAPEL TN Bepeiddn ofefardmmra ot TWEG TOV
onueimv mov emAéyovtal Tuyaio amd o Kotavour. Mmopel vo amoderyBel O6TL M
KOVOVIKT] KOTAVOUT €YEL TN UEYLOTY EVIPOTIRL OA®V TMV KATAVOL®MY OV £XOVV O£d0UEVO
puéso opo kot petafintotnro(llpopinua 20). EmmAiéov, Ommg oniovetor omd To
Kevrpixo Opiaxo Osdpnua, 10 cuvolikd amotéAeopa evog peydiov aptOpod tkpov,
aveapTNTOV TUYAIOV dTopay®V Bo 0ONYNOEL OE UK YKOOLGGLOVY KaTovour (Acknon
vroAoylot®v ??). Eneidn moAAd TpoTuma — GTa WYAPLo, GTOVG YEPIYPAPOVS YOPAKTPES
0€ UEPIKOVG AEKTIKOVG MYOVE — UTOPOVV VO OVTIHETOMTIGOOOV ¢ KATO0 100VIKO 1)
TPOTOHTLITO TPOTLTTO OV CAAOLDVETOL OO EVOV PEYAAO aplBd TLYOL®V SLOOIKAGLOV, M
YKOOVGG10V €lval GUYVE £va KOAG TPOTLTO Yol TNV TPOYUATIKY| KaTovou Thavotntoc.

2.5.2 ITvkvotyta IloAl@v petafintov

H yevin moAAdv petafAntadv Kovoviky] mokvotnto o€ d S16TAcELS YPAPETOL MOG
1
p(x)= d/ 7 oxp| =5 (x=u) T (x=u) | (37)
(27)2 |2

OTOL X €lval 0-CLGTATIKMV SIAVUCL GTNADV, WL £IVOL TO d-GLOTATIKOV J1AVLGHA LEGOV,
¥ givar dxd ovvdiaxdpavéuevoc mivarog, |E| and T ivon 1o péTpo kat avticTpoeog Tov,
avtioTotya, kat (x —)' eivar o petafeticdc Tov x—p.* H onueionon pag yio 1o sowmepiid
TPoiov givon
d
a'b=> ab, (38)

i=1

Kol omoKaAelTOL cuYVA Tpoiov anueiwy. T v anhdmra, PAEmovpe cuyvd v EE. 37
og p(x)0 N(u,X). Tomkd, éxovpe

,uEE[x]:pr(x)dx (39)

* Ol HOONUOTIKEG EKPPACELS Y10 TNV TOAADY HETAPANTOV KOVOVIKN TUKVOTNTO GTAOTOLOVVTOL TOAD LE TNV
V100£TNOT TOV EVVOILDV KOl TG ONLOVONG TNG YPAUUKNG dAyeRpac. Ot avayvdoteg mov givar aféPatot g
onpavong pag 1 mov Ba embovpovcav va Bupbovv ) ypoppukn diyeBpa tpémet va dovv to [lapdptnpa ?7?.
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Ko

ZEE[(x—u)(x—y)t}:J.(x—,u)(x—u)tp(x)dx, (40)

Omov M avapevopevn T €vOg SloVOGHOTOG 1 TO mivoka PpiokeTor pe ™ ANyn TV
OVOUEVOUEVOV TYMOV TOV GLOTATIKOV Tov. Me dAAa Adywa, ov X; €ivor 10 -00Td
GLOTATIKO TOL X, W; €ival TO -06TO GLGTUTIKO TOV [, KOl Gjj EIVOL TO 1j-00TO GLGTATIKO
OV X, TOTE

H; :E[xi] (41)

Ko
Uij:E[(xi—,ui)(xj—yj)]. (42)

O mivakag cvvolakOpovong X elval Tvio CLUUETPIKOS Kot OETIKOG NUATEPOG,.
Oa mEPLOPIGOLLE TNV TPOGOYN WOG GTNV TEPINTMOOT otV onoio X eivar Oetikdg, £tot
®oTE 0 KOOOPIOTIKOC TapdyovTag Tov X etvar avotnpd 0etikds.® Ta daydvia otoryeia Gij
gtvat ot SaPopég Tov avVTIGTOLXOL X; (T.).., Gi 2), Kot T un-0toydvio totyeio ojj efvat ot
CLVOOKVUAVGES X; Kol X; . ©Oo avopévape por Oetikn) ocvvolokdpoveTn 7y T
YOPOKTNPIOTIKE yvopiopota pnkovg kot Pdpovg evdg mAnBuopod tov yopldv, yio
napddetypo. Av x; ko X; efvar otatiotikd avegaptnto, c; =0. Edv 6Aa to pun-roydvia
ototyeia givarl undév, p(x) LEWOVETOL GTO TPOTOV TOV PETOPANTOV KOVOVIKMV TUKVOTHTMOV
Y10l TOL GUGTOTIKA X.

Ot ypappkol cuvdvacpHol amd KOVOVIKA SovVEUNUEVOV TUXOI®OV OEGUELUEVOV
petafAntav, aveEdptntov 1 0yl owavépovtol Kavovikd. Edwkdtepa, v A eivor évag
dxk mivakog kot y=A'x eivan éva Sibvoopa k-ovotatikav, tote p(y) 0 N(A’ U, A’ZA),

omwg eatvetat oto Zy. 2.8. v edwkn nepintmon mov k = 1 kot A glvan éva povadiaiov
mKove dtdvoopa a, y = a'x sivar évag KAMUAKOTOS OpOC TOL AVTITPOSMAEVEL THV
mpoPoAn Tov X Ge pia ypopuuy ot Sievduven Tov a; Te auTh TV TEpinToon a'Xa sivar n
petafAntétnta g mpoPoing tov X otnv a. [evikd émerta, mn yvoon ov wivoko
OULVOLOKVUOVONG HOG EMTPENMEL VO LVTOAOYIGOLUE TN OlCTOPA TMOV GTOWEI®V GE
ool dNmote Katehlvuvon, 1 6€ OTOOONTOTE LIOYDPO.

* Edv ta dtaviopata SElypITmv Tpoépyoviat and YPappKo vroxopo, [Z|= 0 kot p(x) eivol EKQuAMGUEVA.
Avto gpoaviletar, mapadeiypatog ybptv, 6tav Eva cuoTaTKO TOL X £)el UNdevikn petafAntdtnto, 1 0TV
500 cvoTaTikd givat idto 1 TOALUTAGGIO TO £va TOL GAAOL.
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Eivor pepikég popég PoAikd va ektelecBel €vag 160TIHOC LETACYNUATIOUOS TOV
petoTpémet o ovBoipetn TOAA®V HETAPANTOV KAVOVIKN KATAVOUT G L0 GOOLPTKY|, TT.Y.,
pio mov €yl 1o Mivake GLUVOLLKVUOVONG AVAAOYO TTPOG TOV TivaKa TavtdtnTog 1. AV
Oécovpe to @ vo eivor o mivaxkag Tov omoiov o1 oTHAEG givor Ta opBokavoviKd
dlvOcpoTe TOv X, Kot A ot dloy®VIol TIVOKEG TOV OVTICTOY®V TWW®V, TOTE O
HETOCYNUOTIOUOG Ay, = OA " brav EQOPUOCTEL OTIC GLVTETAYUEVES KADIOTA GOPES OTL |
UETACYNUOTIGUEVT]  KOTOVOUR €YEl TIVOKO GULVOLNKVHOVONG 160 pHE TOV  Tivoko
tovtotntag. Xty enefepyacio.  oNUOTOg, O  HETAOYNMOTIONOS Ay KoAgiton
petacynuoticnoc Aevkovens (Whitening Transformation), dedopévov 011 kabiotd T0
(QAGLLO TV OLOVUGUATOV TNG LETACYNUATICUEVIC KOTOVOUNG OLOIOLOPQO.

H molov petafintdv  koavovikny mokvotnto  dltevkpwiletor mANnpog  amd
d+d(d+1)/2 mapapétpoug — to. oTOLXEID TOV HEGOVL SLOVOCUOTOC L KOl TO OVEEAPTNTOL
otoyeloa tov mivaka ocvvolokdpovong X. Ta deiypato mov mpoépyovion omd €vav
KavoviKO TANBLGHO Teivouy va eumécouvv o€ £va eviaio oOVVEQO 1| Lol cuotada (Xy. 2.9);
10 KEVTPO TNG 6LoTAdNG Kabopiletarl amd T0 HECO VLG, KOl 1) HOPPY| TNG CLOTAONG
kaBopileton amd ™ mivakag ocvvolakvpavone. Ilpoxvmter and v EE 37 611 o1
YEOUETPIKOL TOTOL TV oNUeEiV TNG oTabepng TUKVOTNTOS £ivol VITEPEAALYOEIN Yol TO
omoia 1 teTpoymviKy popel (x—p)'E " (x—p) eivar otadepry. Ot KOOt GEOVEC AVTOD TOV
vepeAlyoetdn divovtar amd davicpata X (tov meprypdpetol omd v @); ot Tipég (Tov
neprypapovtot and 1o A) kabopilovv o pnikn avtdv tov aEovev. H mocdtta

rP=(x—p) = (x—u) (43)

KOAElTOL HEPIKES QOPEC TETPAYWVIKY amOoTtacn Mahalanobis and 10 X oto p. Kotd
OULVETELD, TO TEPLYPAUUATO TNG OTAOEPNC TLKVOTNTOG £Vl VITEPEAAYOELT| TG OTAOEPTG
andotaone Mahalanobis 610 P Kot 0 OyKOG OVTOV TOV VIEPEAMYOEWODOV UETPA TN
dtaomopd TV SeyUdT®V KovTd 610 HEGO 0po. Mmopel va amoderybel (Ipofinuata 15 &
16) 011 0 0YKOG TV VIEPEAMYOEDDOV TTOV OVTIoTOLKEL 68 Hol amdotocn Mahalanobis r
dtvetan omd

S (44)

Omnov Vd givar o dykog piog d-otdotatng povadog Y mepo@arpog:

ﬂ%/(cy)y d rmepirro
Vd - {2dﬂ(d—1)?;2(dz_lj!/(d)! d aprio (43)

Koatd cvvéneia, yio pio dedopEvn S10GTATIKOTNTO, 1] SLUGTTOPA TV OEYLATWV TOIKIAAEL
aueca pe 272 (Lpopinpo 17).
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2ynuo. 2.8: H extéleon evog ypouuixod UETOOYHUOTIONOD OTO OIGOTHUO.  YOPOKTHPLOTIKWDV
WaploudTwy Bo ustatpéyel uio avbaipety KOVOVIKY KOATOVOUY O W10, OAAN KOVOVIKH
rkatovoun]. ‘Evag uetooynuotiouds, A, maipver ™ mnyoio kotovoun oty xatavoun N
(A'u, A'ZA). Evag GAL0C Ypouuicds UETaoYNUOTIONOS — uio. mpofols pemdve oty
ypopun a — oonyel oto N (u, o°) uetpovuevo mavew oty a. Eve o1 ustatpomés
TOPCYOVY TIG KOTOVOUES OE OLAPOPETIKO YDPO, TOVS TOPOVCIALODUE TTOV OPYIKO X1—X)
yopo. Evag  uetooynuotiouos Aedkovens oonyel o€ uio. KUKAIKG  GOUUETPIKN
YKAODGOLAVY, €00 TOPOVOLALETOL LUETATOTIOUEVH.

2.6 Awokpivovoeg Xovaptiosis Yo tnv Kavovikn IHukvotnto,

Y10 Kep. 2.4.1 &idoape 6tt M ta&ivopnon eidyiotov mocootoh AdOovg pmopel va
emtevyel LECO TOV SLOKPIVOLGOV GUVAPTHGEDV

g (x)=Inp(xl@)+InP(w). (46)
Avt 1 ékepoon pmopel vo a&loloynBel edkola edv ot mukvotnTeg p(X|m;) €lvan

KOVOVIKEG TOAA®DV HETABANTOV, T.X., OV p(x|a)i)D N( yl,Zl). Xg oot TV TEpinTmon

and v EE. 37 &povpue

22



1 FNo- d 1
gi(x)=—§(x—,ui) Zi](x—,ui)—EInZﬂ—Eln|Zi|+lnP(a)i). (47)

Ag e€etdoovpe ™ dakpivovso GUVAPTNOT KoL TNV TPOKVTTOVGA TOEIVOUNOT Yid
SLAPOPES EOIKEG TEPUTTACELS.

*. +*
¥ o %
.-.t.“ - .o .

= v

ll:' -
. [ 1] “.. L
-f‘-f a ¥
'l'i"- H H
*
- ...-'. * ¥
L] - :‘ - : -
UL

= X

2ynuo. 2.9: Aetyuoto amo pio S160140T0TH YKA.OVOTIOVE KATAVOUI] TOV Bpiorovial o€ Eva.
OOVVEPO KEVIPOPLOUEVO 0TO 1EGO W. Ol KOKKIVES EKAEIYEIS OELYVOVY YPOLUES
long TokvoTHToS THOVOTHTOS THS YKAODOTIOVHG.

2.6.1 Hepintoon 1: I; = ¢’I

H anhobvotepn mepintwon eppaviCeton dtav o YoapoKTNPIOTIKAE Yvopicpota sivol
oTATIOTIKG, aveEdpTnta, Kot Otav £xet kGBe exTyuiTpo TV ide petoprntomnto, o°. Se
LTIV TNV TEPITTMOOT 1 TIVAKOS CLVOLUKDLOVONG EVOL dlaydVia, OVTaG LOVO 6~ POPES M
nivakag tovtomrag [. Teopetpikd, avtd aviiototyel 6TV KATAGTAOT GTNV Omoio TO
Jelypota EUTIMTOVY OTIG VIEPGPAPIKEG GVOTASES 160V HEYEBOVG, Kot 1) GLGTAJN Yol TNV
1-oot) katnyopia mov kevrpobeteiton YOpw amd péco ddvooua pi. O VTOAOYIGUOS TOL
LETPOL KoL TOV avTIoTpdPo X ; givon Wiaitepa gvkorog: [Zi= o’d kon T =(1/0%)L.

A@ov kot 1o |Zi| ko to (d/2)In27m givon aveEdptrotr tov I o EE. 47, etvon aonpovteg
npdcbetec otabepég mov pumopovv vao ayvonbovv. Katd cvvéneio Aapfdavovpe tic amiég
JLoKPivOLGEG GLVOPTNGELS

2
X—H
gi(x)=—%+lnp(a)i), (48)
Omov || . || etvon n Evkieidia vopua, n onoia givaa,
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=il = (x= 1) (x=12,)- (49)

Edv o1 ex TV mpotépwv mbavotreg dev givan ioeg, tote 1 EE. 48 deiyvel 61 n
TeTpayoviKh amdotaon |[x—p||* mpémet vo kovovikomomei amd ) petaPAntomta 6° Kot
va oAdayBel pe v mpocsOnkn In P(w;). Katd cvvéneia, edv to x givon e&icov kovtd o
d00 O1POPETIKA pEGa daviopata, T PEATIOT and@act Oa evVOT|GEL TV €K TV
TPOTEPOV TOAVATEPT KaTYOpia.

AveEapnra amd €qv o1 eK TV TPOTEP®VY MOAVOTNTES Eivan ioeg 1 0L, OV elvan
TPOYUOTIKE OapOiTnTO VO VTOAOYIGTOVV Ol ATOCTAGEL. EMéKTaom Tng TETpay®vVIKNg

HOPENG (X —pi)'(X —i) diver

1 t t
gi(x):_20'2 [x x—2yl.2x+/1iyi]+lnP(a)i), (50)

N omow gpeavifetal va elvar i TETPAy®VIKY cuvaptnon X. Evtodtolg, o tetpaymvikoc
J4 t 7 r 4 7 r z 7 7
O6pog x X etvar 1810¢ yro OAa Ta §, Kévovtag To pia mopaPAEyiun tpdcsbetn otabepd. Katd
OULVETELD, AOUPAVOVLE TIG IGOSVVOES YPOUUKES SLOKPIVOVGEG GLUVOPTIGELS

gi(x):Wt'tx+a)i0’ (51

OTov

2ynuo. 2.10: Eav o1 o0voloxoudveels 000 KOTOVOUMY EIVaL I0EC KOL AVALOYES TPOS 1]
TIVaKaS TOVTOTHTOG, ETEITO. 01 OLOVOUES EIVOL OPAIPIKES € d O100TATEIS, KAl TO
oplo eivar yevikeouévo vmepevbeies d-1 o1aotdoewy, KADETES TTIC YPOUUES TOD
xwpilovy o péca. Xe avTd, TO. HOVO,d1G, TPIG-01G0TATO. TOPAOETYUOTO. TOVICOVUE
70 p(X|w;) ko1 Ta. Op1a Yo TRV wEPITTWOon P(w;) = P(wy).2tov 3-d1aotaoty
TEPITTWaT, TO TAEYUO Ywpiel To R amo 10 R,.

I
W= (52)
(o)

Ko
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= o +InP(w,). (53)

@,y =

Koiobdpue wip To katd@At 1] To bias 6ty j-00T1 kotevduvon.

"Evag ta&vountig mov ypnotponotel Tig ypappkés dlokpivouses GuvapTioels Kadeiton
YPOUIKY unyovh. Avto 1o €i00¢ Tagvountn £xel TOAAEG eVO10PEPOVGES BE®PNTIKES
W10 TES, HEPIKEG amd TIC omoieg Ba culnTNoOoVUE AETTOUEPMG GTO KEP. ??. Xg avTd TO
oNUElO0 LOVO CNUELDOVOLUE OTL O1 EMPAVELES OTTOPOGT|G Y10 L0 YPOLLLUIKT) Uy ovn] €fvor
Koppatio vepevdelmv Tov kabopilovtor amd Tig Ypappikég eE1I0MOELS gi(X) = gi(X) Y TIg
VO KaTnyopieg Le TIg VYNAOTEPES €K TOV VOTEPW®V TBAVOTNTEC. [0l TN cLYKEKPIUEVN
nmepintwon, avtn M eicwon unopel va ypoaetel wg

W (x—x,)=0, (54)
6mov
W= — U, (55)
Kot
X, = %( w4 ;) - " i}uz In i((;‘)’])) (14— 41,). (56)

Avt 1 e€lomon kabopilel Eva vrepevbeieg pécm tov onueiov xo Kot opHoydvio
oto ddotnuo w. Aeod w =pi—; , to vrepevdeieg mov ywpiler g Ry and R; eivon
opboyavio otn ypopun mov evovel ta péca. Av P(w;) = P(o;), o 6edtepog 6pog ota 6e&1d
g E&. 56 dwypdagetar, kot emopévag to onpeio Xp etvarl ot péon tov pHEcwV, Kot T0
vrepevbeieg etvar 1 kdBeTOC Sy WPIOTIKN TNG YPAUUNG HETAED TV pécwv (Xy. 2.11). Av
P(w;) # P(®j), T0 onpeio X amopokpdvetar and tov mo mbavod peco. Ipocéste ot av n
petafAntotnta 6~ efvar pkpr| 6€ y€on e TNV TETPAYOVIKY amdoTooT ||Wi — Wil|, katdmy
n 0éon ¢ Tov oplov amdPacng elvar oxeTKd ave&aptnTo omd TIC aKPIPEic TYHES TV €K
TV TPoTtéprv mbavottev. Edv ot ek tov mpotépov mbavotnteg P(w;) sivor ideg ya
OAeg TIC ¢ KAdoELS, T0TE 0 Opog In P(w;) yiveton pia aAAn aonpoavn npdcOetn otabepd
mov umopet va ayvondei. Otav avtd coppaivel, o fEATIOTOG KavOvag amdeacns Umopel va
ONAwBel oAy amAd: o va tavopunoovpe éva SIAGTNUO EKTIUNTPLOG X, UETPALE TNV
Evkdeideio amdotaon |[x—uil| yio kdbe x og k4B ¢ didlonuo pécov, katl BEtovpue X otV
Katnyopie. tov Kovtvotepov pécov Opov. ‘Evag tétotog taivountig koieiton
ta&vountg eAdytotng amootaone. Edv kabe péoco didvuoua Bewpeitar og £va 100viko
TPMOTOTLTO 1 £V TPOTLTO Y10 TAL GXEOLNL GTNV KATNyopio Tov, avtd €ivol OLGLUGTIKA Ld
dradkacio Tapldcpatog TpotuTtemv (Zy. 2.10), o texvikn mov Ba egtdoovpe TAAL GTO
Keop 7?7 xep. 7?0t0v adydpiBuo xovrivotepng yettovidig(nearest neighborhood)
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Zynuo 2.11: Av allalovv o1 ek TV IPOTEPWY, TO OPLO ATOPACHS UETOKIVEITAL, Y10, OGPKETO,
OVOUOIES EK TV TPOTEPMYV TO Oplo o€V Oa Ppebel petald twv uéowv v I-, 2- kot 3-
OLAOTOTWV GYOIPIKWOV YKAODOTIONVDV KOTOVOUMDV.

2.6.2 llgpintomon 2: X, =X

Mo GAAN amh TEPITT®ON TPOKVTTEL OTOV Ol TIVOKEG GLUVOLOKVUOVONG Y10 OAES
T1G Katnyopieg etvar idteg ahdd e10dAlmg avbaipetes. Tewperpikd, avtd aviictoyel oty
KOTOOTOON OTnV omoio. To SeiylaTo EURITTOVYV OTIC LVAEPEAAMYOEICELS GVOTASES {00V
pey€Boug Ko LOpeNG, N GVOTAdA Yo TNV 1-00TH Katnyopio mov kevrpobeteitan yopm amod
170 péco Odvuopo Wi. A@ov kat ot dvo |Xj| kat (d/2)In2m 6por oty EE&. 47 sivan
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aveapTnTol TOov 1, UTOpPovV va. ayvonBovv w¢ mepittéc mpodcheteg otabepés. Avt 1
amAOTOINGN 00N YElL OTIC O1KPIVOVGES CLUVAPTIOELG

& (x) == (x-u) T (x=p) +n P(). (57)

Av 01 €K TOV TPOTEP®V TOUVOTNTES p(;) Elvar 1d1eC Yl OAEG TIC € KAAGELS, TOTE O
o6pog In P(w;) pmopel vo ayvonbel. Xe avtiv v mepintmon, o PBEATIOTOC KOvVOVOG
amoeoaong umopet GAAN p @opd vo dnAmBel moAd amAd: yw va tafvouncete €va
OWIVOGHOL X YOPOKTNPLOTIKOV YVOPICUAT®V, HETPNOTE TNV TETPAYOVIKN] OTOCTOON
Mahalanobis (x—1i)'S " (x—1;) amd 10 X 670 KGOE &va S1avuoo LEGOL ¢, Kat TAEWOINOTE
TO X OTNV KaTnyopiot TOL KOVIVOTEPOL HEGOL Opov. Omwg mprv, ol Aviceg €K T®V
TPOTEPOV TOAVOTNTES TPOKATAAAUPAVOLV TNV OTOQOCT LIEP TN €K TMOV TPOTEPWOV
mOavoTEPNC KOTYOPiOG.

Enéktoon e TeTpayovikie pHopenc (x—w)'E (x—w) éxel og amotéheopo éva
1000 oL TEPLAUPAVEL Evay TETPAYOVIKO 0po XtE—1X 0 Omo10¢ ivar €00 aveEAPTNTOG
amd 10 i. Apov apapedel avtdg 0 Opog amd v EE. 57, ot mpoxvmtovceg dlakpivovoeg
OLVAPTNOELG EIVOIL TAAL YPOLLLUKES:

g (x)=wx+a,, (58)
Omov

w= 4, (59)
Kot

®, = —%M’Z“ 4+ P(w,). (60)

Agdopévou 0Tl ot dloKPivovseg etvorl YPapIKES, TO TPOKVTTOVTO, OpLo amdPaog Eival
A vrepevbeieg (Zy. 2.10). Av R; xar R; etvar mopokeipevog, o 6plo peta&d tovg £xet
v e&icoon

w (x—x,)=0, (61)
omov
w= (#-n) (62)

Kot
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ln[P(a)i)/P(a)j)]
('ui —H )t Zil('ui _'”./)

Apob w= Z_I(Mi_uj) dev elvan yevik®dg otn dtevbvvon Tov pi—p; , N vrepevdeia
nov Swyopilet ta R; ko R dev etvar yevikd opBoymvia otn ypappun petald tov pécmv.
Evtovtolg, k6Bet exeivn v ypopupr] oto onueio Xp mov gival otn HESN TG OmOGTUONG
petald tov péomv €qv ol €Kk TV TPOTEPOV mBavoTNTES £ival ioec. Eqv ot ex tov
mpotépmV ThavOTNTEG 08V €ivan ioeg, N PEATIOTN VIepevBeia oplov petatomileTon paxpid
a6 Tov mbavotepo pEco 0po (Zy. 2.12). Onwg npwv and, pe emoapkég bias to mA&ypa
andpaong dev yperdleton va Ppioketon petald twv 600 d1avOGUATO LECOV.

v=a (i) (1) (©3)

Zynuo. 2.12: Hokvotnres mBavotntog (DTOOEYUEVES OO TIC ETPAVEIES OE DO OLATTATEIS KOl
EALEIWOEIDELS ETIPAVEIES OE TPELS OLOTTATELS) KO TEPLOYES ATOPOOHS VLA 10ES OALG,
ooduuetpeg I'kaovooioveg kotovouess. Ta vmepevBeics amopaons dev ypeialetar vo,
eivar kabeta oty ypouur] mov coVOEEL Ta, téaa.
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2.6.3 Ilgpintoon 3: X; = avBaipeto

21N YEVIKT] TOAMGDV HETAPANTOV KOVOVIKT TEPITTMOT], Ol TIVAKES GLVOLOKVUAVOTC Eivot
drapopeTikol yia kaOe o kKotnyopia. O pévog 6pog mov pmopet va ararerpdel and v

EE. 47 elvai o (d/2) In 2w, Ko 01 TPOKITTOVGESG SLOKPIVOVCEG GUVAPTNCELS EIVOL EYYEVAOC
TETPOAYOVIKEG:

g (x)=xWx+wx+a,, (64)
omov
=33 (63)
W, = zi—lﬂi (66)
Ko
1 - 1
a)m:—Ey;Zilyi—Eln‘zi ‘+lnP(a)i). (67)

Ol em@Avele amOPOONG EVOL LIEPTETPAYOVIKEG KOL UTOPOLV VO TOPOLV
OTOLOdNTOTE ATO TIG YEVIKEG HOPPEG — VTepevbeieg, (evyn vepevBeldv, VIEPGPAIPES,
VREPEAALYOELDT), LITEPTOPAPOMKES, Kot LVIEPLTEPPOAIKES dapdpwv TOmwv (ITpoPAnua
29). Axoun kot oe pa ddotaor, ywoo TNV avbaipetn cLVOKOUOVOT Ol TEPLOYES
andpaong oev ypewalovror va ovvoebodv amhd (Zy. 2.13). Ta dwddotata Kou
TpLodldotata mopadelypata oto Xy. 2.14 kor 2.15 deiyvouv mwg avTég 01 SLUPOPETIKEG
HOPQEG UTOPOVV VO TPOKHWYOLV. AVTEG 01 O10POPES VITOSEIKVYOVTOL OO TO TEPTYPELLLULATOL
™G otafepng TLKVOTNTOG TOAVOTNTOGC.

H enéktaon avtdv odnyel oe mopamdve omd dvo katnyopieg eivor Eexdbapo
Oumg 0Tt yperdletor va Eekabaproovpe moleg dV0 amd TIG ¢ Ol Katnyopieg etvar appuodieg
vy omotodnmote Tunpo. opiov. To Zy. 2.16 mapovotdlel EMPAVEIES amdOPACNC YO Lol
TEPIMTOGON TECTAPOV KOUTYOPIOV QTIOYUEVT] OO YKOOVOGIOVEG Katavopues. Duoikd, edv
0l Katovopég givorl o mepimAoKeg, o1 TEPLOYES AMOPAONG LWITOPOVV Vo €ival akopa T
ouvheteg, av kot 1 idto Bewpia 1oyvEL Ko eKel emiong.

pilog)
04

.'R| ."i': .'.t|

Zynuo. 2.13: O un-omha 6UVOEOEUEVES TEPIOYES OTOPATHS UTOPODY VO TPOKDYWOVY OE ULA OLATTACH
VIO YPKOODTIOVES TTOV EYEL AVIOH UETOBANTOTHTOL
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2ynuae 2.14: O1 avBaipeteg YKka0DOTIOVES KOTOVOUES 00NYODV oTa. Opla amopaons Bayes mov eivor
O€ YEVIKES YPOUUES DTTEPTETPAYWVIKES. AVTIOETWGS, AaUBAVvoVTag Hio VIEPTETPOYWVIKT,
KGT010G UTOPEL va. Ppel 000 1 KoovooI0VES KOTAVOUES TV OTOIWY TO OPIO OTOPOATHS
700 Bayes givai kKoi 00TO DTEPTETPAYWVIKO.
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2ynua 2.15: AvBaipeteg Tpio0l0oTOTES YKO.OVOTLAVES KATAVOUES TTOV GPOPODY THY ATOPATH 0PIV
70V Bayes 1o, omoia e1vol O100160TATO DTEPTETPAYWVIKA. YTTAPYOOY AKOUN KOl
EKPUAIOUEVES TEPITTWTELS OTIS OTOIES TO OPLO OTOPOTHS EIVOL UI0, YPOLULT.
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2ynuo 2.16: Ot meployéc amopaons yio Te0OEPIS KAVOVIKES KATAVOUES. AKOuN kol UE Evay TETOL10
XOUNAO OpIOUOS KOTHYOPIWDY, 0L HOPPES TWV TEPIOY DY OPIOD UTOPEL VA EIVOAL OPKETA,
o0VvOsTéC.
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[apddsryua 1: Ieproyéc amdpaonc Yo d1GOAGTUTO YKOOVGGLOVA OE00UEVOL

IMa va d1evkprvicovy avTég Tig 10€€¢, VToAoyilovpe pNTa To OPLOL ATOPOCTC YOl TOL
dedtdotata dedopéva 600 KATNYOPLUDY 6TO GYNLa Tov Tapadeiypotoc. Eotm ol eivar to
GUVOAO TOV TECCAPMOV LOVP®V ONUEI®MV, Kot ®2 To KOKKIvVa onueio. Av kot Oa
Eodéyovulle TO EMOUEVO KEPAAOLO Y10l VO KOTOAGPOVIE TMOG VO EKTIUNGOVE TIG
TOPAUETPOVS TOV KATUVOU®V, Yot TOPa bIToBETovpe OTL YpetdleTon povo va
VTOAOYICOVLE TOVG HEGOVG OPOVS Kol GUVILOKVUAVOELS oo TG Waitepeg Lopeég Tmv EE.
39 & 40; Bpiokovpe:

(S Youn el )

Ot avtiotpoot mivakeg givon Enetta,

z0 :((2) 1?2} and %, :{1{)2 1?2]'

Oewpovpe ioeg ek TV TPOTEP®V MBavVOTNTES, P(01)=P(2) = 0.5, ko T1g avtikadiotodpe
OTN YEVIKN HOpeN Yo TNV Katavour|, EE. 64 — 67, B¢tovtag gi(x) = g2(X) yia va mépovpe
70 0p10 amdPacNS”

x, =3.514—-1.125x, +0.1875x.. x2 =3.514 — 1.125x1 + 0.1875x21
Av 1 e€lomon meptypaget pio Topafoin pe Kopuen cTo ( 3 j [IpocéEte 0TL TOPd TO
1.83

veyovog 6t M petafAntdtra ot dedopéva ot dievbuvon X; Kat Yo TiG 000 KOTUVOUES
etvar 1 1010, T0 Oplo amodPaong O mEPVA amd To onpeio (3} 070 HECO TOV dVO HECHV
2

Opwv, 6mwg Oa iyope vrobécel. Avtod cupPaivel YaTi o TNV KOTOVOUR ©1, 1) TOOVOTIKY
Katovoun «mEletoy otn devbuvon X TEPLGGOTEPO Oamd OTL Yy TV . Emedn ot
OUVOMKEG €K TV TPOTEPMV THovOTNTES €lvanl ot 101eg (M.Y., TO OAOKANP®UOL OTO
dloTnue. TS TUKVOTNTOS TOOVOTNTOG), 1| KaTavour avédveton otn otevBuvon x2 ()
oxeTIK pe TN katovop] ®2). Emopéveoc 10 Opro amdpacng Ppioketar eddyiota
YOUNAGTEPQ OO TO HEGO TV HEGMV OPp®V OTWS POIVETOL GTO OPLO ATOPAUCT|G

ta
[
=
S
=]
=

25

To vmoloyiouévo 6pio amdeacns tov Bayes yia 800 YKOOVGGLOVES KATOVOUES TTOV 1) KAOE
wa Pacileton o técoepa onpeia dedopévov.
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2.7 *TIOavOTNTES GOAANATOS KOl OLOKANPOUOTO.

Mmnopobpe vo  OTOKTACGOVUE TEPULTEP® GmOYMN YL TN Agtovpyion €vOg  YEVIKOV
tagwvount) — tov Bayes 1| dAhov — av AdPovpe vwoOYN TIC TNYEG COUALATOV TOV.
E&etdote mpdTa Vv mepintwon VO kot yopi®dv, Kot vwobéote OTL M OOTOHOG £xEL
yopicel 10 yOpo o€ 600 mepoyés Ry kot Ry pe éva mbavd Gyt wbavikd tpomo, Yrdpyovv
dv0 TPOTOL e TOVG 0moiovg éva AGBog TaStvounong UTopEl vo, TPOKVYEL, €1Te oL T X
néPTEL 6TNV EPLoyn Ry ko n wpaypatikn kotdotoon g evong stvat o, 1 10 X TEPTEL
otV mepoyn Ry ko n mpaypatikn kotdotaon g eoong eival . Aedopévov 0Tl avtd
To. yeyovota eivar apofoio omokielotikd Ko eEavtAntikd, n mbavotnto tov AdOovg
etvan

P(error):P(xeRz,a)l) P(xeRl,a)z)
(

=P(xeR)®)P(®)+P(xeR|w,)P(v,) (68)
- Ip(x|0)l)P(a)l)dx+jp(x|a)2)P(a)2)dx.

R, R

To amotédecpa amewovileTot yio TNV TepinTtwon g o didotaong oto Xy. 2.17. Ta dvo
olokAnpouata otnv EE. 68 avamapiotodv Tig pol Kal TIg YKPL TEPLOYES OTIG OLVPEG TV
cuvaptioeov p(x|oi)P(w;). Enedh 1o onueio amdpaone X (kon emopévag ot mepoxés Ry
kol Ry) emdéyOnkav avBaipeta yoo to oynua, n TBavotTTo GEAAUATOS dEV Elval 0G0
pkpn 660 Bo Empeme. ZUYKEKPUEVA, 1] TPIYOVIKT TEPLOYN TOL EYEL VIOYPOLUICTEL GOV
«ue dvvatotnro peimong AdBovg» pmopel va eforeipfel av to Opro  amdPaoN
petaxwvnOel oto xg. Avtd eivar 10 18€aT0 Oplo ATOPACGNS TOV KOl Oivel TNV €AAyLOTN
mlavoétTo opdipatog. I'evikd, av p(x|mp)P(m;)>p(x|m;)P(®;), eivor mheovektikd va
ta&wvouncovpe 1o X oty meployn Ry étol dote n pikpdtepn mocodTTA Vo GLUPEAEL GTO
oAoKANpopo AaBove. Avto elvar akpiBdg avtd mov emttvyydvel o Kavovog tov Bayes.

i 2cl e VP )

reducible
Error

-f"l4'| x, x¥ -fR:

J[pl' wliiy 1P iy bl / \J‘p-'xlm]]PimJ]dx

1y iy

Zynuo. 2.17: Ipagikés mopootdoels yio v mloavotnto 6paiUaTos yio, [0eS €K TWV TPOTEPWY KOl
(01 19e0t0) Opro omopaon x*. H pol mepioyn oviamokpiverou otnv mibavoryzo
oQalpaTog yia v amopacy wl otav 1 koTdoTaon TS YUONS EIVOL W) KOL 1 YKL
TEPIOYN avomoploTa. 10 ovtifeto, omws divetou amo v EE 68. Av aviifeta 10 dpio
OTOPATNS EIVOL OTO GHUEIO TOT 01 €K TV DOTEPWY ThavoTyTog eival i0€g, Xp, TOTE TO
«ue ovvoToTHTO. UElWanS AaBocy kol 1 olikn okilaouévy mepioxn Eival To. EAGyioTO.
ovvata — Aoty eivor n amogacy tov Bayes kai divel to polud opdluaros tov Bayes.
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2TV TEPINTOOT TOAADY KOTNYOPLUDV, VIAPYOVV TEPLGGOTEPOL TPOTOL V. tvan AaBog amd
oMGTO, KO EIVAL EVKOAOTEPO VO LITOAOYIGOLE TNV TOAVOTI T VO VOl C®GTO.
Hexdabopa

correct ZP x eR a)

:ZP(xeRJa)l.)P(a)i) (69)

i=1

=2Ip(x\wi)P w, )dx

i=1 R

To yevikd amotéiecpa g EE. 69 dev gaptdror ovte amd T0 TMOG O YOPOG
EKTIUNTPLOG €lvOl KOTOUEPIGUEVOS GE TEPLOYEG OMOPACNG OVTE GTN HOPPN TV
elMoyevovcmv katavopmv. O ta&vountg tov Bayes peyiotomotel avt) v mbavotnta
EMAEYOVTOG TIG TEPLOYEG £TGL MGTE 1) TPOG OLOKAPMOT| TAPAGTOCT VO, Etvat
péylomn yuo OAa To X; KOVEVOS GAAOG KOTOUEPIOUOG OEV UTOPEl Vo, Tapoydyel o
pupdtePn TOAVOTNTO GOAAUATOC.

2.8 *Opro. LaO0VE Y10 KAVOVIKES TUKVOTNTES

O xavovag amdéeacns tov Bayes gyyvdrtol to younidtepo p€co mocootd AdBovg, Kot
gyovpe Oel MMOG VO LIWOAOYIGEL TAL OpLL AMOPOONG YO TIC KOVOVIKEG TUKVOTNTEC.
Evtovtolg, autd to amoteléopato dev pog Aéve n mBoavotnta Tov AdBovg ol Bo eivan
mpaypatikd. O TANPNG LTOAOYICUOG TOV AABOVG Yo TNV YKOOLGGLOVY TEpimTwon Ba ftav
APKETH OVGKOAOG, EO0IKA GTIC VYNAEG SLUGTACELS, AOY® TNG ACLVEYNG PVOT TOV TEPLOYDV
andpaong oto oAokAnpoua oty EE. 69. Evtovtolg, oty mepintmon dvo Katnyopimv 1o
veViKd oloxhpopo AdBovg g EE. 5 umopel vo mpoceyylotel avoAvTIKE Yo Vo oG
dMOEL Evav avmdTEPO Op1o AdBovc.

2.8.1 Opro Chernoff

[Mo va Tapaydyovpe éva 6pto yuo 1o AdBog, xpetalopacte TNV akOAoVON avicodTnTO!

min[a,b] <a’b"”?  for a,b>0 and 0<B<I. (70)

Mo va xotoddPet avty M ovicOTNTO. UTOPOVUE, YWOPIG OMOAEL YEVIKOTNTOG, VO
vroBécovpe a > b. Katd cvvéneto ypelalopacte povo va deicovpe 611 b< aPb'® = (a/b)Pb.
AAG vt 1 aviedTTa I6Y0EL TPOPAVAOCS, OLPOV (a/b)B > 1. Xpnowonmowwvrog tig EE. 7 &
1, epappolovpe v avicdtnta ot EE. 5 kot maipvoovpue 1o dp1o:

P(error)éPﬂ(a)l)Pl"ﬂ(a)z)jpﬁ (dw) p' ™’ (dw,)dx  for 0<B<1. (71)
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INUEDOTE EWOKA OTL AVTO TO OAOKAN PO Eival € OAO TO SIUCTNHO EKTIUTPLOG
— d¢gv Tpémel va EMPAAOVUE OPLOL OAOKANPMOTG TOV AVTIGTOLYOVV GTA OPla. ATOPOoNG.

Edv ot vté 6povg mBovotnteg eivar Kavovikés, o ohokAnpmpata oty EE. 71
umopovv vo a&toroynBodv avaivtikd (ITpopanua 35), divovrag:

Ipﬁ (x| a)l)pl_ﬂ (x| @, )dx — ) (72)

Omov
B(1-p ! -
k(ﬂ)=(T)(ﬂz—ﬂ1) 5%, +1-9%, | (m-u)+
73
‘ By +(1-8)3, (73)
2 s
[ \Z |
To ypaenua oto Zy. 2.18 mapovcsidlel Eva yopoKTNPIOTIKO TOPASELYIO Y10, TO
0s e P nowirer avaroyo pe 1o B. To 6po Chernoff , tov P(error) PBpioketon pe

AVOALTIK 1 aplOuNTIKN) €VPECT, NG TWNS TOL [ oL gAhoyloTONOEL TO € KB e
avtikabiotovrog to amoteléopata oty EE. 71. To Pacikd dperog €00 givar Tt avt M
BeAtiotomoinon eivatl 610 HOVOSAGTATO YOPO B, Tapd TO YEYOVAS OTL Ol KATOVOUEG Ol
idtec pmopet va etvan o€ éva xdpo avbaipeto vymAng didotacng.

okl
08T

0.6 t Bhattacharyya bound

— — — — — — — — — — =

Chernoff bound
0.4+

2ynua 2.18: To AaBog tov opiovChernoff dev eivar mwoté yolapotepog omo to opio Bhattacharyya.
T'ia avto 10 mapaderyua, to opio Chernoff toyaiver va givaioro f* = 0.66, kai gival
elappag avotnpotepo amo to opio Bhattacharyya (f = 0.5).
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2.8.2 Opro Bhattacharyya

H yevikn €£apmmon tov opiov Chernoff and to B mov @aiveton oto Zy. 2.18 sivan
YOPOKTNPICTIKY Yoo upL Qo mpoPfAnudtov — To 6pro eivar yohapd yio akpoieg
TWég (my., p — 1 xou B — 0), kot mo oceyto yia evordpeces. Eva 1 axpipnic a&io tov
BértioTov B e€aptdtan amd TIG TOPAUETPOVS TOV KOTAVOUDV KOl TOV €K TOV TPOTEPMV
TOOVOTNTOV, VO VTTOAOYIGTIKG ATAOVGTEPO, OAAL EAAPPADS AYOTEPO GOLYTO OP1LO UmopEl
va wapoydet yio f = 1/2. Avtd 10 anotéhespo eivot 1o amoKaAovpeVo 6pto AdBovg tov
Bhattacharyya, 6mov ) EE. 71 énerta éxer tn popon

P(error) < \/P(wl)P(wz)I\/p(x\a)l)p(x|a)2 )dx =\/P(a)1)P(co2 )e U2 (74)

omov amd v EE. 73€xovpe v yKaovoolovh Tepintmon:

k(l/zw/swz—ul)[@] (1 —10)+
‘M
2

LR I

2z . T

Ta 6pra Chernoff ko Bhatacharyya pmopovv axdpa va ypnoiponomfodv akdpa Kt ov ot
Katavouég oev givar ykaovootavee. Evtovtolg, yio Tic koTovopéc mov mapekkAivouv
EULPAVAS 0O YKOOLGGLOVEG, To Opta 0V Ba ddcovv minpoopieg (ITpoPANua 32).

(75)

[Hapddsryua 2: Opra Adbouc yio YKOOLGGLAUVEC KOTOVOUEC.

Eivar éva amdo 0éua yio va vrohoyicetl To 6pro Bhattacharyya yia to dicdidotata
oVUvoAn. otolyelwv Tov Tmoapadeiypatog 1. AvTiKatdotaon Tov UECOV KOl TOV
ocuvolakvpaveewv Tov mapadeiypatog 1 oty EE. 75 pog diver k(1/2) = 4.11 kon emopévemg
and 116 EE. 74 & 75 1o 6pro Bhattacharyya oto AaBog P(error) < 0.016382.

"Evag oouytdtepo 0p1o 610 AdBog pmopel vo Tpoceyylotel e To Vo WAEEL Kavelg
apuntika yuoo to 6pro Chernoff g EE. 73, 10 omoio ywn avtd to mpoPAnuo divet
0.016380. Kdamowog pmopel va mapel v KaAbtepn ektiumon vroloyilovtag apOuntucd
anegvbeiog 10 T06ooTd AdBovg and v EE.. 5, 10 omoio diver 0.0021, kou £tot Tar OproL dev
etvar €00 Wwitepa opytd. Tétowo apOuUNTIKY] OAOKANP®OT €lval GLYVA UN TPOKTIKY
Y10 YKOOVGGLOVES KOTAVOUES GE VYNAOTEPO OO VO 1) TPELS OLOGTAGELC.
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2.8.3 Ocopio aviyvevong oNUATOV KOl YOPEKTIPLETIKA AELTOVPYLOG

‘Eva dAAo pétpo g amdotaong LETAED dVO YKAOVGGLOVMY SIOVOUMV £xEl Bpel peydin

YPNON OTNV TEPOUUOTIKT YLYOAOYia, TV aviyvevon pavtdp kot dAlovg Topels. Yrobéote
OTL EVOLOPEPOLLOGTE Y10 TNV OVIXVELOT €VOC 0OVVOTOV TOALOD, OTTMOG o ApLOP] AGYM
OV POTOG 1 VO adHVaTOL avtavdikiaon pavtdp. To TpdTLTO pag elval, KATOTY, OTL GE
KATO10 GNUEID GTOV OVIYVELTN VILAPYEL ECOTEPIKO oNa (OT®G Lo Tho™M) X, TOL OTOIOL 1
T €xel péco 6po u2 dtav 1o e€mtepkd onua (TaApdc) sivor mapdv, kol pl otav dev

vrdpyel. Adym tov tuyaiov Bopvfov —péoa Ko EE® amd Tov 110 ToV aviyvevt — 1
npoaypatikn afloe etvor po toxoio petafintr. Ymobétovpe 6Tt or dtavopég eivor
KOVOVIKEG € OlLPOPETIKAL  Héco  OoAAG v 0 petofAntoétmta,  mwy.

p(x|o)0 N(,ul.,az) omm¢ paiveton oto Ty, 2.19.

ixko)
P ' iy oy

T X

My L

2ynuo 2.19: Kata ) diapkela fiog oTiyuns omov Kavevog eCmTEPIKOS TOAUOS OEV EIVOL TOPV, 1
wokvoTnTe.  mOavOTHTOS  Yla Eval  ECWTEPIKO  ONUG.  EIVAl  KOVOVIKY, — T.JX.,

2 7 7 r ’ ’ ’ ’
p(x|a)1)D N( M, o ) otoy 10 €CTEPIKO ONUO. EIVOL TOPOV, N TOKVOTHTO. EIval

p(x | @, ) 0 N( ,L12,0'2) . Omoroonmote KotwTato opro arxopochs x* Oo. kabopioet v

mOovoTnTa EVOS YTUTHUOATOS (1] KOKKIVY TEPLOYH KOTW OO TRV KOUTOAN ), EXAVE OO
70 X*) KO EVOS WEDTIKOD GUVAYEPUOD (1] UADPN TEPLOYN KOTW OO THY KOUTOAN M,
Tove omo x ).

O avyveug (ta&vountg) viobetel po alo katdTotOV opiwv x* Yoo Tov
Kaboplopd €qv 0 eEMTEPIKOG TOAUOS ivar mopdV, aAAd ag vToBécovpe OTL gUelS, ®G
TMEPOAUATIOTES, 0V £OoVE TPOGPacn g vty TV TN (001te oTa péca Ko T otadepég
anokAicelg Tov Katavoumv). Emdidkovpe va Ppodue kamowo péTpnomn €av o moApdg
elval mapov 1 Oy, o€ pag popeng aveEaptmra and v emthoyn tov x*. Mw této1o
pétpnon etvon m 1d10tyTa O1GKpIoNS, 1| OMOL0L TEPTYPAPEL TIG EUPVLTES KO OUETAPANTES
010TEC AOY® TOoL BopVPOVL KO TG SVVAUNG TOV EEMTEPIKOL GNUATOG, OAAL Ol AdY®
NG GTPATNYIKNG TNG AmOPACTG (OMA., 1] TPAYLATIKY ETAOYN TOL X*)

H 1316 1a dudkprong opileton g

|,u2 _lul|
—O' )

d'= (76)

‘Eva peydro d’ etvan BePaing embBounto.
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Evd dev yvopilovpe tor py, Ho, 0 Kou X*, vmoBétovpe €dd OTL EEpovpe TV
KOTAOTOON TNG UONG Kol TNV amOPOGT TOV GUOTAUOTOS. AVTEC 0L TANPOEOPIES HOg
emutpénovv va Bpovpe 10 d’. o avtdv tov Adyo, e€etdlovpe Tig akdAovOes TE6GEPLG
mOavOTNTEC:

* P(x > x* [x € ) XtOmnmuo — 1 mbavdtra 6Tt T0 €0mTEPIKO GO Eival ETAVED Ao
10 X*

dedoUEVOL OTL TO EEMTEPIKO oM Eivor TapHV

* P(x > x* |x € m)): Yevtikog ouvayepudg — 1 mbavotnta 6Tl To E0mTEPIKO oNpa Eivat
enivo omd 1o X* 1 poyxdnpia arovcio Tov EEMTEPIKOL GNUATOS Elval TAPOLGQ

* P(x <x* |x € my): actoyio — M mBavoTTa OTL TO ECOTEPIKO G €IVl KAT® amd TO
X*

dedopévou 0tTL 10 eEmTepkd onpa etvorl Tapdv

* P(x <x* |x € m)): o amdppyn ToL COGTOV — 1] TOAVOTNTO TOL TO EGOTEPIKO GTLLOL
elval K4t omd to x* dedopévov 0Tt 10 e€mTEPKO oNua dev givarl Tapov.

Edv mpaypotomolovpe €vav  peydio oplBud dokiumv (Kol UmopovpE  va
vroBécovpe 6t To X* KaBopiletal, av Kol 6€ AyvOGTN TYN), LTOPOVUE va Kabopicovpe
aVTEG TIC MOAVOTNTES TEPAUATIKA, EOIKOTEPO TO, TOGOGTH YTLTNUATOS KOL YEVTIKMV
ouvayeppmv. Xyedrdlovpe évo onUEl0 TOL AVIUTPOCMOTEVEL ALTA TO TOCOCTH GE oL
dwooldotatn ypaeiky mopdotacn. Edv ot mukvomnteg eivar xabopiopéveg oAld TO
KaTOEA x* aAAGlel, KOTOMY TO TOGOGTA YTLMNUOTOS KOl WELTIKOV GLUVOYEPUOV O
aAAdEovy emione. Katd cvvémeio PAETovE OTL Yo d€dOpUEVN 1010TNTA dLAKPIoNG O, TO
onueio pog Bo kKwvnBel Kotd PAKOG UG OHOANG KOUTUANG — &VO OPOKTIPLOTIKO
Aertovpyiog dektadv 1 Kaumdin Roc (Zy. 2.20)

=3

Fizs afbe 0

falss alamm
1

Pix < 2%l o)

Zynuo. 2.20: Xe wio koumwoAn yoporxtnpiotikav Agitovpyiog dextav (ROC), n tequnuévy eivor i
mbavétnta Tov webtikov ouvayspuod, P(x>x |x Ew,), ko1 n tetayuévy n mbavérnra
00 yromipatos, P(x>x'|x Ew,). ATé 1o ueTpRuéve. TOGOGTA YTOTHUATOS KOl WEDTIKWV
COVAYEPUGV (TOV aVTIOETOLYODY 670 X 670 Gyédio 2.19, ko mapoveiGloviar we KoKKIva
onueio), uwopodue vo, covayayovue ot d’= 3.
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To peydio 6pelog avtov ToL TANIGIOV avixVeLOTG ONUATOV Eival OTL UTOPOVLE
va O10KPIVOLLE AEITOVPYIKE LETOED 1010TNTAG SLAKPIONG Kol TNG amopaong bias — evd
TPOTN €vot 1 ELELTY WO10KTNGI0 TOL GUGTNUATOG AVIXVEVTMOV, 1] TEAEVTAIN OPEiAETAL ZTO
TIVOKO OTOAELOV TOL OEKTN O omoiog €ivor petafAntdc. Av kot HEGH OTO0VINTOTE
Cevyoplov YTUTNHOTOG KO WYEDTIKOV GLVAYEPUOD TOL TOGOGTA TEPVOLV OO T Lol Kot
puévo o ROC kapmddn, Odpme, €¢' 66ov 10 T0cootd dev givarl akpimg 0 1 1, umopodpe
va kabopicovpe W16tTa didkpiong amd avtd to mtocootd (IIpoéRinua 38). Emumiéov,
edv M ykaovooovny vrdBeon mEPEYEL Eva TPOGIOPIGUOG TG W10 TOG dtdkpiong (amd
évav avbaipeto x*) pog emtpénel va vroloyicovpe 10 T0cootd AdBovg Bayes — 1
ONUOVTIKOTEPT 1010TNTO 0motoLONToTE Tastvounth. Eav 1o mpaypatikd mocootd Aabovg
dwpépel amd 10 mMOocootd Bayes mov mpokvOmrel kot ovTd TOV TPOMO, TPEMEL VO
OAAGEOVE TO KATOOAL X* avaAOY®C.

Eivor amhd 0épa va yevikevtel n ovotépo cvlitnon kot va epapuroctel oe 600
Katnyopieg mov &xovv avbaipetec TOALOACTOTEG KOTOVOUES, YKOOVOOOVEG 1) OYL.
YnoBéote 0L £govpe dVO Katavopués p(xjm;) and p(x|m;) ot dmoteg emkaAdTTOVTOL, KO
&yovpe €161 un - undeviko Adbog ta&tvounong Bayes. AkpiPag Ommg eidape avotépom,
omolodnmote TPOTLTO amd T0 W2 Ba pumopovioe va tagvoundel katdAAnio ©g ®; (éva
"yromnua') N va katoympndel Adboc og w1 (évag "yevtikog cuvayepproc"). Avtifeta and
N HOVOSLIGTOTY TEPIMTMON AVAOTEP®, EVIOVTOLS, UTOPOVV VO LILAPEOLY TOAAL Oplol
andPacng mov Oivouv £vol CLYKEKPYEVO TOGOCTO YTLANpdTov, to Kdbe éva pe éva
OLPOPETIKO TOGOCTO  YELTIKOV GUVAYEPUADV. Z0ODS, €M OEV  UTOPOVUE VO
kaBopicovpe o OepeAidon pétpnon W10 TTog OKPIoNG YOPIG YVOON TEPIGGOHTEP®V
Y0 TOV EAAOYEVOVTO KOVOVA ATOPOCNS EKTOG OO TOL TOGOGTA YTUMTNUATOG Kol WYEVTIK®V
CUVAYEPLDV.

Ye éva omdvio EQIKTO 100VIKO, UTOPOVUE VO QOVINGTOVUE OTL TO UETPNUEVA
TOCOGTO YTLUTNUATOC KOU  WYELTIKOV cuvayepuov eivar BEATIOTO, TOpAdELyIaTOg YapLY
amd OAOVG TOVG KAVOVES ATOPACNG OV divoLV TN LETPNGT TOV TOGOGTOV YTUTNOTOS, O
KOvOVOG TOV YPNOUWOTOLEITAL TPAYUATIKO €lval avTd Tov €YEl TO EAIYIOTO TOGOGTO
YEVTIKOV GUVOYEPLAOV.

Edv xatackevalope évav moivdidotato tavount — oveEApTNTO Omd TIG
Katavopés mov  Ba  ypnowomowovoopEe —  UTOPOVUE VoL TPOCTOONGOLUE Vo
yopaxtnpicovpe 10 TpOPANUA Kat' avtd Tov TpOTo, av Kot Thovmg amaitovvTot LeyGAoL
VTOAOYIOTIKOL TOPOL Yot v yaEovpe Yoo €101 PEATIGTO TOGOOTA YTLMNLOTOS KOt
YEVTIKOV GLVAYEPUOV. XNV TPAEN, avt' ovtod OmoPEVYOLHE TO 10€0TO, KO
YPNOLOTOOVUE QAL Lot EVIOH0 TOPAUETPO EAEYYOVTIOS TOV KOVOVO OmOQOCNG KOt
oxedALOVTOG TO TPOKLATOVTO, TOCOGTA  YTLUMNUATOV KOl WYELTIKOV GCUVAYEPUMV — L0
KOUTOAN IOV KoAeite évo yapoxtnpiotikd Acitovpyiag. Mia T€10100 TOPAPETPOG EAEYYOV
umopetl va glval to bijas 1 n un ypoppkdtnTa o pia dtakpivovoo cvvaptnon. Eivot
Tapad0cloKO Vo emAEXTEL O TOPAPETPOG EAEYYOL TTOV VO UTOPEl VO TOPAYAYEL, GTIG
akpoiec TWES, gite éva eEAPOVIGUEVO TOGOGTO YEDTIKOV GUVAYEPUOL 1 EE0PAVIGUEVO
TOGOGTO YTLVMNUOTOC, aKPP®G OTmg pmopel va emtevybel pe éva moAd peyddlo 1 moAD
puikpo x* oe ot ROC kopmoAn. Tpénet vo onpeidcovpe 6Tt apov Ol KOTOVOUES UTOPOVV
va glvar owBaipetec, 10 yopaktPoTikd Asttovpyiog dev ypetdletor va gival GUUUETPIKO
(oxéo10 2.21) oe ombvieg TEPUTTAOGELS OV XPELALETOL OKOUN Kol Vo €fvol KoiAo Ttpog ta
Kdto o€ Oha o onpeio.
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2o 2.21: Xe pia yeviki KOUTOAN yopoKTploTiknG AEITovpyiag, n teTunuevy ivor n mbovotyro
00 Wwevtiko ovvoyepud, P(x ER x Ewy), ko n tetoyuévy n mbovotnra Tov
xrornuotos, P(x ERsx Ew,). Orwg d1evipiviletor 0w, 01 KOUTDIES YOPAKTHPIOTIKNG
Aertovpyiog dev ivor yevikd, oOUUETPIKES, OTw¢ mopovaidlovial 0eid. O1 Koumdles
Aertovpyiac Taltvountwy eivar oHUAVTIKES VIO, TPOPARUOTO. OOV O TIVAKAS OTWAELDV
Ay umopel vo. alrdler. Edv to  yopoxtnpiotiko Acitovpyios Exer kabopiotel g
OVVGPTHON THG TOPOUETPOD EAEYYOD UTPOOTA OO TO YPOvo, sivar amio Ogua, otav
Ppioketar aviuéTwno e o Véo, ouvapTion OTMAELNG, Vo oovaylOel n TapaueTpog
eAéyyov mov Géter ot Qo edayioromonael to avouevouevo pioko (Ilpofinuo 38).

2.9 Ocopia amo@aong Bayes — Awoakprtég ekTipn)Tpreg

Méypt Tdpa vrobBETape OTL TO SIAVUCUO EKTIUNTPLOG X UTOPOVCE VO, EIVOL OTOL0ONTTOTE
onpeio oto d-odotato Evkeideio ydpo, R™. Eviovtolg, oe TOAAEG TPOKTIKES EQAPLOYES
TO, GLOTATIKA TOL ) €lvorl SOLUOIKA TETPASIKA 1| peyolbTePNS atlag aképaiov €161 MGTE TO

X vo pmopel va mhpel m THEG HOVO Vi, ..., V. %€ TETOLEG MEPUTTMOOELS, 1 AELTOVPYIN
nmokvotntag mbavotntag p(x|w;) yiveror povadikr. OlokAnpopata e LopeNG

Ip(x| a)j)dx (77)
npénel Eneta va, avtikatactadodv and ta avtictoryo abdpoicuata, 0TS

> P(xw), (78)

o6mov koatoiafaivovpe 0Tt To dBpotoua gival o€ OAEG TIC TWES TOL X GTNV OlOKPLTH
katavoun.* O efiocwon tov Bayes mepihapfdver émerta tig mbovotnteg, mapd TIg
TUKVOTNTEG TOAVOTNTOC:

J

P(x)

Pv0) (o)

P(xo,)= (79)

* Am6 teyvikig dmoymg, N EE. 78 mpémet vo ypagel Zk P(vk | o, ) 6mov P(vk ] a)j) omov tvor

deopevpévn mBavoTnTa TOL X = Vi dedopévou OTL 1| KaThoTaom TG eUoNg sfvor o;
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c

P(x)=Y P(xle;)P(o)). (80)

J=1

O optopdg tov decpevpévon piokov R(afx) pével avarioimtog, Kot o BepeAidong
Kavovog andeacng Tov Bayes mopapéver o 1010¢: ol var EAay1GTOTOGOVUE TO GUVOALKO
pioko, EMAEYOLLLE TNV eVEPYELD @ Yion TV omoia R(ai[x) eivon eddiyiot, 1 divetan,

a*:argmaxR(aJx). (81)

O Paocwog kavovag yoo va ghoyiotorombel t0 mO0G00Td COAALATOG pHE TN
LEYIOTOTOINGN TNG €K TOV LOTEPOV MBavOTNTAG givorl emiong aueTaPfAnTog dmwg elvan
Kol ol dwkpivovoeg ocvvaptioelg tov EE 25 — 27, aviikabiotdviag Tpoeovag Tig
nokvotnteg p(-) pe tig mbavotnteg P(-).

2.9.1 AveEapTnTES OVUOIKES EKTIUNTPLES
Yov mopdadetypo pog toStvopunons mov mEPAaUPAvEL SLOKPLTES EKTIUNTPIES,

Bewpnote 10 TPOPANUA VO KOTNYOPIOV GTO OMOI0 TOL GLGTOTIKA TOL OLVOGHATOC
eKTITPLOG Elvar dvadikd kol vVtd Opovg aveEdptnta. o va eipoote mo cuykekpiévol

B¢tovpe X = (X1, ..., Xg)', OOV TOL CLOTOTIKG X; sfvan gite 0 1, pe

p, = Prob(x, =@ (82)
Ko

q; = Prob(x;, =1|w,) (83)

Avto egivor éva mpoTLTO €VvOG TpoPAnuatog tafvounong oto omoio kabe
EKTIUNTPLOL LOG O1VEL piaL VOOl amdvTn o Yo TO TPOTVTO. AV Pi > i, TEPLUEVOVUE OTL 1|
1-00T] eKTUNTPLL VO dMCEL  “var” Gav OmAVTNoT MO0 GLYVA OTOV 1 KOTAGTOON TNG
@OoNg etvar ®; amd Ot OtTav givor ®,. (Mo mwoapddetypa, Bewpnote 6V0 epyooTAcio TOL
KkdOe éva kataokevalel To 1010 avtokivnto, Kabe gvog ek TV omoiwv ta d Tpunuatoa Bo
umopovcov vo eitvatl Aettovpykd 1 eAattopoatikd. Edv ntav yvmotd tog ta epyocsTtacia
dépepav oV aflomoTtioo TOVS Yo TV KATOOKELY KAe cuoTaTikoy, KATOTY avTd TO
povtélo o pmopovoe va ypnoipomoindel yio vo Kpivel oo €PYOCTAGIO KATOOKEDLOGE
éva oVTOKIVITO PACICUEVO OTN YVOON TOLES EKTIUNTPLEG €lval AEITOVPYIKEG KOl TTOLES
elottopatikés.) Me va vtofécovpe v vtd 6povg aveaptnoio UTOPoVLE VO YPAWYOLLE
P(x|w;) cav 1o Tpoidv TV TOAVOTATOV Y10 TO GUCTATIKA X.

Aappavovtoag vwoyn avtv v vobeon, évag Wwaitepa KATAAANAOG TPOTOG Yo
va ypayoope Tig oyeTilopeveS pe T KAdon mhovotnteg eivat o akdAovhog:

d

P(xa)=]]p (1-p)" (84)

i=1
Ko
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d
X; 1=x;
P(dw)=]]a" (1-4) (85)
i=1
Koatomy o puBpog mbavotmrag divetor and

Pa) _r* (&J [1—_19]1 86
Plron) Wy ) (174 2

i=l1

kat ovvenmg N EE. 30 mapdyet ) dakpivovca cuvdptnon

d _ 1-p, Plo

g(x)zZ{xi ln&+(l—xi)ln—p’}+ln (@) 87)
i=1 q; 1-g,

Inuel®VoLpE €0KE OTL ot M SlaKpivovca GUVAPTNGT  EIVOL YPOLUIKY GTO X; KO
EMOUEVOG UTOPOVLLE VO, YPOAWOLLLE

d
g(x) =2 wx, +w, (88)
i=1
oOmov
w,:lnpf(l_p’) i=1,...d (89)
ql(l_ql)
Kot
Lo 1-p, P(a)l)
w,= ) In L+1In . (90)
’ ; l_q,‘ P(a)z)

E&etdote avtd to amoteléopata yioo voo OOVUE TU OMOTEAECUOTO UTOPOLV VoL
dmoovv. Quunbeite mpdta 0Tt amoacilovpe ®; av g(x) > 0 kot @y av g(x) < 0. Eidaue
ot g(x) elvar évag VTOAOYIGHEVOS GLVOVAGHOS TOV GLGTOTIKMOV TOL X. To TAATOG TOV
Bapovg wi Ogiyvel TN OYETIKOTNTO. HE TNV amdvinon "var " Yoo TO X; OCTE VO
aropacicovpe vV toEvopmon. Av pi = qi, Xi 0& pog Otvel mAnpogopio Yoo TV
KOTAGTAOT TNG UOTG, Ko Wi = 0, OTtm¢ Ba meplpévalLe.

Av pi>qi, 101 1-pi<l—qi ko w; Betikd. Emopévmg ce avty v mepintmon o
amdvinon “vor” yio 1o X; GUVEIGPEPEL Wi YNeovg Yo To0 o 1. Emmiéov, yia kdbe otabepd
qi < 1, wj peyoAdvel 660 10 pi peyalmvel. Ag' €T€pov, av pi<gi, Wi £ivol apvnTiKo Kot o
amavInon “vor’ CUVEIGQEPEL [Wi| YNEOVG Yo ®2.

H xatdotaon g aveCopmoiog sktyuntpiov odnyel oe évav moAd omdo
(YPOKO) TaSIvouNTr. QLGIKA €AV Ol EKTIUNTPIEG eV NTav avesaptntes, Oa yperalotav
évag mo mepimAokog Ta&vounmge. Ga To GLVOVTGOLUE OVTO TOAL Y10l TOL GUGTHLLOTO LLE
TIC CLVEYNG EKTIUNTPIEG OTO KEP. 7?7, OAAG GNUEIOVOVUE €0M OTL OGO MO OVEEAPTNTEG
LITOPOVLLE VO KAVOVLE TIG EKTIUNATPLES, TOGO amAoVoTEPOG O Ta&tvounTig Ba etvau.
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O1 ek 1oV Tpotépwv mBavotntes P(mi) eppavifovtar ot dakpivovca cuvaptnon
UOVo HEG® TOL KOTOEAIOL Bdpog wo. AVENon tov P(®;) aw&dverl To wy ko emnpedletl tnv
amOQUGCT TPOG TO HEPOG TOL M1, EVO 1 pHeiwon Tov P(m)) €xet 10 avtiBeto amotédespa.
leoperpikd, ot mbavég Tég vy x gppaviCovior ®g Kopveég evdg d-dlaotaTov
VIEPKVPOL; N empdvela amdpacng mov kabopiletar amd to g(x) = 0 eivon po vepevOeia
oL YWPILEL TIG KOPLPES TOV M) ATO TIG KOPLPES TIG M.

[opddstyua 3: Atoodosic tov Baves yio tp1odtdeToTEC OVAOUKEC

l4

EKTIUNTPLEC

YnoBéote O6TL 000 Kkatnyopieg amoteAovvtal and aveEApTnNTeS SVASIKES EKTIUNTPIEG OE
TPELS OOOTAGELS UE YVOOTEG TIG TOOVOTNTEG EKTIUNTPLOV. Od KOTAGKEVAGOVUE TO OPLO
anoeaons tov Bayes edv P(wl) = P(®w2) = 0.5 kot To ETPEPOVG GLOTATIKA VITAKOVVE:

{p"zo'g i=1,2.3.

q;,=0.5

Ao tig EE. 89 & 90 éyovpe 611 ta Pépn elvan

_ 1, 08(1-0.5) _

" 0.51-0.8)

1.3863

Kot n Tiun tov bias

To 6p1o amdéeaonS Yo T0 TaPAdELY O TOL TEPIAAUPAVEL Ta TPIGOAGTATO SVASKA
YOPAKTNPIOTIKG YVvopiopata. Xto aplotepd mapovotdlovpe v mepintwon pi=0.8 Kot
qi=0.5. Zto 0e&l ypnotponoodue Tig 101eg TYWEG €KTOG amd ps = (3, TO omoio odnyel oe
w3=0 Ko o emeavelo amdeacons TopdAANAN 610 dEova Xs.
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H emodveln g(x) = 0 g EE. 88 paiveton ota apiotepd tov oyfuatoc. [pdyuartt,
Omm¢ mepéEvape, to 0plo Palet ta onpeio pe 0VO M To TOAAEG amavtioelg " vl ot
katnyopia ol, dedopévov 0T ekeivn 1 katnyopia €xel pia vymidtepn mBavoOTTO TG
KOTOYNS OTOLGONTOTE EKTIUNTPLOG ME Tiun 1.

YnoBéote Gvt’ avtol OTL EVO Ol €K TOV TPOTEP®V TOOVOTNTES TAPEUEVOV Ol
101€¢, ATOUIKA GLOTOTIKG VITAKOVVE:

Ye aunVv Vv Tepintwon N ekTunTpia X3 0ev pog divel Kapio mAnpogopia yio Tig
Katnyopleg, Kot ®¢ €K TOVTOL TO Oplo Omdeacng eivar mopdAinio oto x3 dova.
Inuemote OTL G ATV TNV WwitepT TEPITTOON LILAPYEL £var LeYIAo €VPOG OTIC BEGELS
TOV 0piov OTOPOONG TOL APTVEL TV KOATYOPLOTOINGT OUETAPANTY, OTT®G glvar dtaitepa
ca(ég oTo 0kt oynua.

2.10 *Ayvoovpeveg Extipntpreg kot Exktipntpieg pe 06pvpo

Edv &Epoope tv minpn mbovotikn doun &vog mpoPANUaTog, UTOpPOVUE Vo
Kataokevdoovpe (Bedtiotoromaoovpe) tov Kavovag andeacns tov Bayes. YroBéote o011
avartoocovpe Evav ta&vount Bayes ypnoonoimvtog o adidphopa ototyeio, aAld o
otoyelo ewoaymyng pog (dokiun) sivor émerta oAAowwpévo pe yvootd tpomo. Ilog
UTOPOVUE VO TOEIVOUNCOVUE TETOLEG OAAOIOUEVEG E6AYMYEG Yo v AdPouvpe €va
erdiyoto AdBog;

Ymhpyovv 000 TEPMTMOELS TOV ETAVOVTOL AVAAVTIKA 1O10HTEPOV EVILPEPOVTOC:
Otav UEPIKA amd  TO YOPOUKTNPICTIKE YVOpPIGHTo Agimovy, Kot dtav aAloidVOVTOL o
po Tyn BopvPov pe yvootég 1010tnTeG. Xe kabe mepintwon 1 PACIKY TPOCEYYIOT HOG
gtvar va avaktioovpe 6GeC TANPOPOPIES Yo TNV EAAOYEVOVCH KOTAVOUT WITOPOVLLE KOl
VoL YPNCYLOTOMGOVLE TOV KOVOVa, aropaong Tov Bayes.

2.10.1 Ayvoovpueves ExTipuntpreg

YmoBéote Ot €yovpe €va cvotnua avayvoplong tov Bayes (1 dAAo) yio éva
TPOPANHa Tov ypnotponotel 6V0 exTTPLES, OAAG Yoo Eva 1dtaitepn akoAovbio wov
taSvopeiton, o amd Tig extiunTpleg Asimer.* Iapadeiypotog yaptv, pmopodue 0KOAM
vo. eovtacTtoOpe Ot 1 ehappdtnTa pumopel va petpndel amd po mAevpd evog yaptlov,
O0AAG TO TAGTOC Oev pmopel Aoym emapng pe Eva GAAO Yyapt.

* Ty wpdén, 1 avakGALYN OTL 1| EKTIUNTPLN OyVOELTaL Eivol YEPOTEPO amd TO VO, £XEL TIU UNdév (1) Tov
Hécov pov)
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Mmnopovpe va eneENyNoOVUE HE TECCEPLS KOTNYOPlEg WOl KOTMG YeVIKOTEPT
nmepimtwon (oxédo 2.22). YmobBéote Ott yuo éva 10witepo oY€S0  OOKIUNG TO

N
YOPUKTNPIOTIKO YVAOPIoUO X AElmel, Ko 1 peTpnuévn atio and X, etvar x2. Xapmg edv

vmobétovpe M dyvwotn T eivol 0 pEcog 0pog OAwV TOV Xo THAV, OnA., x,, Oo
TAEVOUNCOVLE TO 0YE010 ¢ 3. Evtovtolg, edv ot ek TV TpoTtépwv givar iGeC, 1 ®2

N
Ba Mrav KaAvTEPN omdPaoT , 0edOUEVOL OTL 0 aplBudc vmovoet otl p(x2 | a)zjaivou TO

LEYOADTEPO TMOV TEGGAPWV TOAVOTHTOV.

INa va Odwevkpwvicovpe v mopoadoyr| pag o@rvovpe X=[XqXp], OmMOL X,
OVIWPOCMOTEVEL  YVOOTN 1N T "KoAd" yopoKINPIOTIKE  yvopiopoTo Kol o Xp
AVTITPOoO®TEVOLY TOVG "KakovS" , ONA., glte dyvooTovg gite mov Aeimovv. Epeig
Emdidkovpe tov kavova Bayes 0£00UEVOD TOV KOADV YOPOKTNPLOTIKOV YVOPICUATOV,
KOl Y10 aVTO Ol €K TV VOTEPOV TOAVOTNTES ATOLTOVVTOL ATO TNV ATOYN TOV KOADV
YOPUKTNPLOTIKOV YVOPIGUATMV Ol EK TV VOTEP®V £ivat

_ p(ax,) Ip(wiaxgaxb)dxh

P(w. =
k)= 560 p(x,)
_ IP(wi|XgaXb)P(XgaXb)dxh O1)
p(x,)
_ Ja0pods,
[ p(x)a,
b
'
{0,
W, o, i,
i..‘~ _____

2ynuo 2.22: Four categories have equal prors and the class-conditional dsstributionsshown. Eav
EVa ONUELO EAEYYOV EIVOL TOPAV GE UIG. OYVOODUEVH EKTIUNTPLO (€0, X1) Kau 1 GAAn
LETPEITOL OT1 Exel Tiun X2 (KOKKIVY O10KEKOUUEV ypouun), Oclovue o talivountng

oG va. Tal1vOunon to mpoTuTo WG 2, ETEION D [xz | a)zjgl'val n peyaAdTepn amo Tig

mavotnreg.
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omov gi(x) = gi(Xg,Xp) = P(®i[Xg,Xp) Elvor piar popem g draxpivovcag cuvaptnong.
Avapepopoocte 610 .[ p(a),.,xg,xb)dxb , G0 Lol OPLOKT KOTOVOUY, Kot AEUE OTL 1)

TANPTG OEGUEVIEVT OPLOKT] KaTavoun €xEL OptaL YOp® amd T petafAnt) xb. Xe cuvtopia,
n EE&. 91 deiyvel 011 mpémel va eVeOUATOGOVUE (OPLOBETNGOVIE) TIC €K TMV VOTEP®V
mOavOTNTEG YOP® OO TIG KKOKESH EKTIUNTPLEG. TeMKG YPNOUOTOOVUE TOV KOvOVL
amoeaons Tov Bayes yia T1g TpokONTOVGESG £K TV VOTEPMV TOAVOTNTES, T.Y., EMAEYOVUE
o; ov P(oi|xg) > P(o; [X,) Yo k@0 1 kot j. Ooa eEetdoovpe Tov akyopiBpo Meyiotomoinong
mg mpocdokiag(EM)oto kep . ??, mov avoaeépetal oe Eva OXETIKO TPOPANUQ
OYVOOULEVNG EKTIUNTPLOG,

2.10.2 Extyptpreg pe 00popo

Eivar edxoro va yevikevoovpe ta anoteréopata g EE. 91 omv mepintmon mov
L0 GUYKEKPIUEVT] EKTIUNTPLO €YEL 0ALOI®OEL amd oTaTioTKA avesdptnto B6pvfo*. TMa
TAPASELY LA, GTO TPADTO TAPASELYIO TAEIVOUNONG HOG, Umopel va Exovue o aStomoT
HETPNON TOL UNKOLG €V 1 UETAPANTOTNTO TNG MNYNG QOTIGUOV VO, ENNPEACEL TN
pérpnon eotevottos. Yrnolétovpe 6Tt £xovpe un avorroimteg (KAAES) EKTIUNTPLES X,
Omwg Kot mpv, Kot éva mpdtumo BopvPov, to omoio ekppdletor g p(Xp|Xi). Eotm x¢ N
TPAYUATIKY TIU TOV EKTIUNTPLOV Xp, .Y YOPIg v mapovcsio BopvPov, av ot xb
napoakolovBovviav avti yuo TG X.. YmoBétovpe OTL av Ot X; NTAV YVOGOTES, X Oa Tav
aveEApTnTeg amd ToL M; Kot Xg. ATO pia T€To10 vTo0EsT maipvovpe:

J.p(a)i,xg,xb,xt)dxt
Plwl|x, x, )= .
( 1‘ g b) P(Xg;Xb) (92)

Topa mov p(wi,Xg,Xp,Xt) =P(0i[Xg,Xp,X0)P(Xg,Xp,X;) QO TNV VROOEGT Ovelaptnoiog
TOV OEYTNKOUE, OV YVOPILOVUE TO Xy, TOTE TO Xp O€ OIVEL EMTAEOV TANPOPOPIES Y10 TO ;.
Emopévag £xovpe P(o;Xg,Xp,X)=P(miXg,X;). Opoimg, £xovpe p(Xg,Xo,Xo)=P(Xb|Xe,X)P(Xg,X1),
Kot p(Xp|Xg,Xt) = p(Xp|X(). Balovtog to poli éxovpe

[P(@x, x )p(x, X )p(x, ),
P(a)l.lxg,xb) =
[P x Op(x, %, )dx,

_ Igi X)p(x)p(x,|x,)dx,

[ PGP, [, )ebx,
TIC OTOLEC YPNOUYLOTOLOVUE GOV OLOKPIVOLGES GLVAPTNGELS OTMG ATOLTEL O KAVOVAG TOV
Bayes.

H e&lowon 93 dwpépetl and v EE. 91 anhdg amd 10 yeyovdg 0Tl 0 aKEPALOG
petpiétor omd to mpdtvmo BopHPov. Ty akpoio mEpinTOoN TOVL P(Xp|X¢) Elvar
OLOLOHOPPO GE OAO TO YDPO (Kol ETOUEVDG O TTapEYEL Kapia TAnpopopio TpdPAeync yio
mv ta&vounon), n e&iocmon yivetar (o pe VTN Yol dyVOOOUEVES EKTIUNTPLEG — EVal
IKOVOTIOUTIKO OTOTEAEGLOL.

(93)

* DuoIKd, Yo va ddoovpe 610 Tadvounth v, KataAdBel 0Tt pio eKTUNTPIO AEiTEL, TPEmeEL ovTOS VoL ExEL
oyedl00TEl MOTE VO TOPVEL KOt TYEG TTOV deV Elval aptOunTikKég
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2.11 *X0vOetn Ocmpia Tov Bayes ko ITAaiocro

Ac emaveEeTAGOLLE TO E1GAYMYIKO TOPASELYLA GYEdiaoTG EVOC TASIVOUNTA Yol VOl
Katnyoplomotel dVo TOmovg amd yaple. H apykn pog vmdbeon Mtav 01t 1 axoiovbia
TOTOV Yaplov NTay 1060 anpOBAETTN TOL N KATACTOCT TNG OONG EHotale pe o Tuyoia
petafint). Xopic va egykotoAeiyoope ooty T tomobétnom, ag efeTdcovpe T
duvatdTTo. 0Tl Ol O1adOoYIKEG KOATAGTACELS TNG @VONG vo pnv €ivol oTATIoTIKG
aveEapmrtec. llpémer va elpacte oe Béom vo eKpeTOAAELTOOUE TETOW GTATIGTIKY
e€apmon v va kepdicovpe PeAtiopévn amddoon. Avtd elvar évo mopdostypo g
YPNONG TOV TAAIGIOL BTNV EVIGYLGON AYT ATOPAUCTC.

O tpdmog e TOV OMOi0 EKUETAALELOUAOTE TETOLEG TANPOYOpPieg mAoiGiov glval
KATOC O10pOPETIKOG OTAV  UTOPOVUE VO TEPIUEVOVLE TO N YEAPLO VO TPOKVYOLV KOl VL
AGPovpe Emetto OAEG TIG N AMOPAGELS OO KOOV OO OTOV TPEMEL VO ATOPAGIGOVE Yo
kéOe wyapt otav eppoaviCetar. To mpdTO TPOPANUO eivon €va obvBeto TPOPANUA
amoeaons, kKol To 0euTeEPo glval éva dadoywkd cvvleto mpoPAnuo amndeacns. H
TPONYOVUEVN TEPIMTOON €lval €VVOLOAOYIKA amAovotepn, Kot givor avt) mov 6Oa
eetdoovpie €00.

' vo opicovpe 1o Yevikd mpoPAnpa, Eotm o=((1)..., o(n))' eivon éva Sidvooua
oL OElyVEL TIG N KATAOGTAGELS TG POONGS, He ®(;) va maipvel o amd TG TYWES Oy, ..., O
‘Eocto P(®) ivar 1 ek TV Tpotépov mhoavotnta yia 11§ n KaTaoTdoels 115 vone. 'Eoto
X=(Xi..., Xp) va givon €vog mivaxkog mwov divel Ta n dtovoouato 6oL X; €ival 1o OV
eEKTTPLOG OTOV M KoTAotaon e evong sivar o(i). Télog, €éotm p(X|w) elvar M
ouvaptnomn decueLIEVTG TUKVOTNTOC THAVOTNTAG Yo X 0€dOUEVOL OTL 1] KOTAGTOON TG
@VoMG etval ®. XpNOYOTOIOVTAG ALTHV TV onpavor BAémovpe
OTL M €K TV VOTEPOV TBUVOTNTA © diveTOL OO

PX|o)P(w)  P(X|w)P(w)

p(X) 2, p(Xle)P(e)

I'evikd, kamolog pmopel vo kabopicer €va mivako omdAelg Yoo 10 cVuvOETO
TPOPANUO AmOEACoNS Kol Vo EMOIDEEL Evay KavOvo amOPOoNG TOV EANYIGTOTOEL TO
ovvOeto kivovvo. H avémtuén avtg g Bewpiag mapariniilel T ocv{Rmon Hog yo o
amAd TPOPANUE amOPAoTG, Kol KATAANYEL 6T0 cvunépacua Ot 1 BérTiot oadkacio
etvar va ehaylotomomBet o ouvBetog deopevpévog Kivouvog. Ewdikdtepa, dev vmbpyet
Kopio anoAieto v v vmapén cooTtov, Kot qv Oha to AdBn sivon e&icov damavnpd,
KatoOmw 1 Sodkocion HEI®VETOL 6TOV LIOAOYIoHO Tov P(®|X) yio kdbe ® ko otnv
EMAOYT TOVL ® Y10 TO OTOI0 1 €K TOV VOTEPOV THAVOTNTA VO Elvat HEYIOTN.

Av kot autd Tapéyel T Bewpntikn Avon oty mpdén o vroroyiopds tov P(m|X)
pmopel evkora va amoderydel ypovoPfopa dwadikacia. Av kébe o(i) pmopel va mhpel ¢
Tée, vapyovv ¢ mbavée TS Tov ® oL TPEmel vo. AneOovv vmoyn. Kdamolo
amAomoinon propet vo AneOel edv 1 kaTovopun Tov dvOGLOTOS EKTIUNTPLAG X; eEapTdTan
puoévo amd v avtiotoyn katdotocn g evong o (1), Kot oyt amd TS TWES TV GAA®V
SVUGUATOV EKTIUNTPLAOV 1 TIG GAAES KOTAGTAGELS TIG PUONG. Z€ LTIV TNV TEPITTOON M

P(w|X)=

(94)
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deopevpévn mokvotnta p(X|m) ivar povo 10 TPOIOV TMV TUKVOTHTOV TV GUGTATIKOV

p(xil®()):

n

p(Xla))=Hp(x,.|a)(i)). (95)

i=1

Evé avtd amhonotel to mpoPAnua tov vroroyispod p(X|m), vmhpyet akdpo o
TPOPANUa omd TOV VTOAOYIGUO TeV €K TV TPoTtépmv mhavotHtov P(w). Avty n
deopevpévn mbavotra etvor Kevipikr] 610 obvBeto mpoOPAnua amdéeoacng Bayes,
dedopévov 0Tt amewkovilel v aAlnie&dptnon TV Kotaotdoemv g ouong Katd
ovvénew gival amapdoekto va amioromBel To TpoPAnpa tov vroroyiopov P(w) pe va
VTOOECEL KOVEIG OTL 01 KATAGTACELS TNG LGNS eivan aveEdptnreg. EmmAéov, ot TpaKTiKeés
£QOPUOYEC omontovy cuvhOme Kamota uéhodo vroroyiouod tov P(m|X) yio dAeg tig ¢
mlavég TYéG ®. Oa Bpovpe kdmola Ao 6g ovTd TO TPOPANUA GTO KEPAAMO. ?7.
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Hepiinyn

O1 Baoikég 10€eg OV amoppEovy amd Tov Kavova, ardeocns tov Bayes givat moly
anAés. o va ehaytotomomoetl 1o yevikd kivouvo, KATolo¢ mpemel mhvta vo, EMAEEEL T
evépyel mov eloylotonolel tov dsopevpévo kivovvo, R(afx). Ewdwotepa, vy va
elayotoromoetl v mbavoétra Tov AdBovg oe évo TPOPANpa TaEvOunoNS, KAmTo0g
TPEMEL TAVTO VO ETMAEEEL TV KOTAGTOOT) TNG PVUONG TOV UEYIGTOTOLEL TN €K TV VOTEP®V
mBavotmta P(w; [x). O eficwon tov Bayes pog emitpémer va vmoAoyicovue tétoleg
mOovOTNTEG OMO TIG €K TV TPOTEP®V TOAVOTNTES P(05) KOl TIG SEGUEVIEVEG TUKVOTNTEG
p(x|o;). E&v vdpyovv dapopetikés moveg yia T Aavlacpévn Kotoydpnon tov oxediov
amd ;i 6OV ond Mj, Ol €K TOV VOTEP®V TPEMEL Vo (UYIGTOUV TPAOTO COHPMVOL LE TETOLEG
TowveG TPiv AneOovv pétpa.

Edv o1 eAhoyedovoeg Katavopég lvatl TOAADV HETAPANTAOV YKOOVGGLOVES, TO OpLaL
andpaong Oa eivor vTepTETPAYOVIKE, TV 0Toi®mV 1| Lopen kot 1 B€on e€aptdTon amd Tig
EK TV TPOTEPWV TOAVOTNTES, TOVS LEGOVG OPOVS KOl GLUVOLUKVLAVGELG TWV KOTOVOUDV.
To mpaypatikd avapevopevo AdBog umopel va Bpebel amd ta 6pio Chernoff ko to
VTOAOYIOTIKG  €VKOAGTEPO Oplo  Bhattacharyya. Av 1 axolovbio €1c600v  €xet
OYVOOUUEVEG 1] OAAOIOUEVEG EKTIUNTPIEG, TPEMEL VO, OLLUOPPAOCOVUE TS OPLOKES
KOTOVOUEG LE TNV EVOOUATOOT| TETOUMV EKTIUNTPUDY, KO ETELTO TN XPNOLLOTOINGT NG
dwdwkaciog omdégacns tov Bayes ot mpokvmtovcses Katavopés. Ot KOUTOAEG
YOPOKTNPIOTIKNG AETOLPYIOG OEKTMOV TEPLYPAPOVY TS EUPLTEG KOl OUETAPANTEG
1010 TEC €VOC TAEIVOUNTY KO LITOPOVV VO YPNOUOTO 000V, Tapadelylotog xaptv, yio
va kabopicovv 10 mocootd Bayes.

[Ma moAAég epapuoyég Ta&vounong oyediwv, 10 KupLo TPOPANLL TV EQPUPLOYT|
AVTOV TOV OTOTEAEGUATOV givar OTL 01 VO OPOVG TVKVOTNTEG P(X|® ;) dev eivar YvOOTEG.
Y& UEPIKEG TTEPIMTMOELS UTOPOVUE VO, EEPOVUE TN LOPPT) TOV AVTEG O1 TUKVOTNTEG EYOLV,
aAAG pmopel va unv EEpovpe TIG YOPOKTNPIOTIKEG TIUEG TV TopapnéTpov. H khaocwm
mepintwon epeavifeton 0tav ivat yvmoTég 01 TUKVOTNTEG, 1| UTOPOVUE Vo voBécove
ot glvar TOAAGDV PETOPANTOV KOVOVIKES, OAAG Ol TG TOV PECHOV SLOVUCUATOV Kol
TIVAK®OV GUVOLOIKDUOVOTG OEV vl YVMOTEC. XuyvOoTEPO OKOUO AYOTEPO EIvVOl YVOOTA
YU TIG OEGUEVUEVEG TUKVOTNTEG, KOt Ol0dIKOGieG oL gival Aydtepo gvaictnteg oTic
OLYKEKPIUEVES LTOBECELS Y1 TIC TLUKVOTNTEG TTPEMEL VoL ypnoipomomBovv. To peyaivtepo
Hépog Tov vVoAoimov avtod Tov PifAiov Ba aplepwbel ot SdPopeg dladIKAGIES TOV
Exovv avamtuyBel Yo vo, aVTILETOTIGTOVV GE TETO0 TPOPAHOTOL.
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