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Xwpoc Asiypatwy - M'eyovoTa

= Aciyua
= TO anoTeAeopa evoc Tuxaiou NeEIPapaToc

= XWPo¢ delyNaTwy S
= TO oUVOAO OAWV TWV dUVATWV ANOTEAECUATWY
= AIGKPITOC KAl GUVEXNC

= [eyovoTa

= 'Eva ouvolo anoteAeopaTtwy, apa eva unoocuvoAo
TOU S
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i AEITOUPYIEC GUVOAWV

= Evoon AuUB

7 TOHl’] ANB S
= JUMNANPpwua A°

=« IdI0TNTEC
AuB=BUA

Au(BuC)=(AuB)uUC

AU(BNC)=(AUB)n(AUC)
= Kavovacg De Morgan
(AUB) = A° NB°

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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i ASiwpaTta kai 1010TNTEC

= Afilopara = Id10TNTEG

= 0<P[A] = PLA°|=1-P[A]

. p[S]:l O P:A]Sl

= Av ANB=U L] P:@]ZO
P[AUB]=P[A]+P][B] = P[AUB]=

= AVA, A auoiBaia P[A]+P[B]-P[ANB]
AnOKAEIOPEVA

P{O&}kﬁ;P[M

k=1
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i Yno ouvenkn méavoTnTa

D f

= YNoO ouvenkn nibavotnTa
YEYOVOTOC A UMNO TNV
npolnoBeon OTI £xel OUMPEI
TO yeyovoc B

P[ANB]
P[B]

= Av B,, B,,...,B, €ival evag
O1axwWpPIOHOCTOU S, TOTE

P[A]=P[A|B]P[B,]+..+

P[AlB,]P[B,]

P[A|B]=

Tunua HAekTpoAdywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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i Kavovac Bayes - Ave€apTtnoia

= Av B, ..., B, €ival evag = Ta yeyovoTa A kai B gival
O1axYwpPIOHOC TOU S TOTE aveéaprnra av
Pl AnB. PIANB[=P|A[P|B
P|:Bj|A:|= [Pm J:| [ ] [ ] [ ]
[A]

_ P[AI8,]P[B,]
> P[AIBIP[E]

: likelihood x prior
posterior = _
evidence

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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i Tuxaiec MeTaBANnTEC

= H &vvoia Tn¢ Tuxaiag
HETABANTNG

= To anoteAeopa Ogev €ival
navta evac apibuoc

= Anodidel pia apBunTIKN X(Z) = x
TIMN OTO ANOTEAEOUA EVOC
NeIPAapaToc R
= Oplopoc X
= Mia ouvaptnon X nou <

avTIOTOIXEl Evav
npaypaTiko apifuo X(0)
o€ kabe anoteAeopa
oTOoV xoopo TWV 5€IY|.ICIT(DV
£VOC TUXAIOU NEIPAPATOC
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AHMOKPITEIO NANENIZTHMIO ©PAKHZ

i 2UvapTnon KaTavoung I'II@CIVC')TF]TCI

= OpileTal wc n mBavoTnTa Tou

yeyovoTog {X<x} F(x) 4
Fy (X)=P[X <x] i
s IdI0TNTEG
0<F, (x)<1
limF, (x)=1 " X
1 -~
lll}’l FX (X) =0 3/ o
2 -—
ifa< b then FX (a.) < FX (a) A G
I 0 1 2 3 X
Pla< X <b]=F, (b)-F(a)

P[X >x]=1-F(x)

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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i Tunol Tuxaiwv PeTaBANTwWV

= JUVEXEIC s AIGKPITEC
fx (X):ng)fX) P (%) =P[X =x]
Fx(x):j f (t)dt FX(X):Zk:Px X Ju(x=%)

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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i >uvapTnon nukvoTnTag NIBavoTnTaE

= H pdf unoAoyileTal ano TNV f,(x)

fL (x)= ng)fx)

» I816TNTEC /\/HJ\
f(%)

Pla<X <b]=[" f, (x)dx

X

Fy (x)= [ f, (t)dt o x
S P[x< X <x+dx]=f, (x)dx

1= | f (t)at

—0o0

= [a d1aKpITEC TUXAIEC
LeTaBANTEC

f (x):zk:Px [ ] (x—x,)

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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i Yno ouvenkn kaTavoun

= YNO ouvBnkn ouvapTnon = H uno ouvenkn pdf sivai
KaTavounc TnG X doouEvVoU
TOU YeyovoToc B dF, (x| B
VEYOVOTOG [, (x|B)= « (x| B)
P[X <xnB] dx
F, (x|B)=
PB]

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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i Meon TiuN kal peTaBANTOTNTA

= H avapevopevn n peon Tiyp = H peraBAntoTnTa TN X

TG X €ival eival
E[X]:footfx (t)dt Var[X]202=E[(X_E[X])z}
E|X|= P
[X] Zklxk (%) = H Tunikr anokAion Tng X
= 1310TNTEC eival
Efc]=c S[x]=o = Var[X]
s I0I0TNTEC

E[cX]=CcE[X]

E[X +c]=E[X]+c varle]=0

Var[cX |=c*Var | X]
Var|[X +c|=Var|X]

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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i KoIVEC KATAVOUEC

= Koivry ouvaptnon katavounc = Koivr) ouvapTtnon nukvoTnTac

TV X, Y ] moavoTnTag Twv X, Y
pXY[XJ’yk]:P_{X:XJ}“{Y:yi}] 52
=P[X =x.Y =Y, fxv(X,Y)=aX—anyv(X,y)

Foo (X, )=P[X <x,Y <y,]

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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i AveEapTnoia duo Tuxaiwv MeTaBAnTw MER

« O1 X kalY eival ave€aptntec = 2uoxetion Twv X kai Y
av Ta{X < x} kar{Y <y}
eival aveEapTnTa yia EAX, Y= I j Xyt (X, y)dxdy
OnoIovOnNnoTE ouVOUACHO
TWV X, Y

Fyy (X, y) =Fy (X) F, (y)

fur (%)= 5 (%) £ (y)

s JUMMETABANTOTNTA TWV X
Kar'Y

E{(X —m,),(Y =m))} = [ [ (x=m,)(y—m,) fy, (x, y)dxdy

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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i Opiaki) GUVAPTAGN NUKVOTATAC MBaveTATACH

f,00=] f,(6y)dy
px(xi) = Z pxy(xiﬂyj)



AHMOKPITEIO NANENIZTHMIO ©PAKHZ

| Mapadeiypa: Marginal probability distributions

f(x)=P(X, =X)= Z F (X, X,)

all x,
EX.
X
0 1 2
X5 0 0.1 0.4 0.1
1 0.2 0.2 0
f.(x) 0.3 0.6 0.1
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i Kavovikn Katavoun (Gauss)

1 Al

1 (x=u) o8} ﬁ:-g: o583 —
N R 2 = — e 207 21
(u,07) = p(x) I EZ
f 05 F
Efl}= [ p(dx=1 |
- 03 F
= — 02 F
E{x}= __[Oxp(x)dx = o

0 0_ - : . . . . ) .
oent - Toonappet T T

—00

Pr(x— 4 < o) 0.68, Pr(x— 4] <20)=0.95, Pr(x— 4 <3c)=0.997,
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i Gaussian Distribution (ouv.)

>uvapTnon XeaiuaToc

_ 1 ¢ —t* 3¢ _ 2 ¢ -t?
ert (x) = Jz j e at = ﬁj‘ e at H ouvapTnon oQaAuaTog
X 0 erf(x) dev unoloyileTal

ne erf(0)=0, erf(1)=0.84, erf () =1 avaAuTika kai yiauTo yia

v N(g, 02) TOV uno)\oqupo ™mg
XPNOIOMOIOULE MIVAKEC,

A NPOOCEYYIOEIC N apIBUNTIKN
PiX—y<A)=erf| —= :
q ‘ ) (a sz OAOKANPwWON
n.x. oto MatLab unapxei n

1 ouvapTnon éerf{x) kabwg kai n
P(X < a) (1 + erf ( \/— j) avTioTpo®pn TNE erfinv(x).
O

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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i >TOYXAOTIKEC (N TUXAIEC) Alspyaoisq

= Stochastic process (or random process) :

We are given an experiment G specified by its outcomes (.
To every outcome ¢ we now assign, according to a
certain rule, a time function

X(t.¢)
We have thus created a family of functions, one for each
(. This family x(%,() is called a stochastic process.

A stochastic process can be viewed as a function of two
variables ¢and ({ For a specific outcome ¢ the
expression x(%,{) is a time function. For a specific time t,
x(t,¢)is a random variable. Finally, x(Z¢,¢)is a number.

Tunua HAekTpoAdywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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i Mapadeiyua

Consider a large number of dice
€, G, ...,C,) and let assume

I X(t.2)
that we toss them 0 L[5 d |
simultaneously many times. We Y UL
deflne -.III..IIII_’._I_I_EIIIIIt
x(t,Q=k k=1,2,..,6 i ‘ IR i
where k is the number shown in B S IS T
the face of the ¢ die at the time o
t. (see fig.1) L) - L B
Such a collection of waveforms MARAAEEaaETasEEE Ry
is called ensemble. § q 1 ‘ | =
A specific waveform X(Z,{)is = P ‘ LI ,,,,,,,,,,,,

called a sample function.

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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Ensemble average, Time averages®

Ensemble average E{.} : Consider the values of the
stochastic process x(%,() at the time t. Then x(Z,{)is a
random variable. The statistical averages obtained from

measurements made on x(%;,{) are called ensemble
averages.

Time averages: The statistical averages obtained

by observing a sample function x(%,¢) are called &ime
averages.

Example: Let assume that the random variable { (discrete) has a
probability P((=(I,t0), we have

ensemble mean = ZX(C t, )Py (t,) = lim — ZX(C ()
time mean = hmMZx(c t,)

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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i Ergodic process

= A stochastic process is called ergodic iff (if
and only if) its

TIME AVERAGES = ENSEMBLE AVERAGES

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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i Stationary process

A random process is completely described by
the N-fold joint p.d.f. of its values at the
arbitrary time .

pdf — /(X(Cltl)lX(CltZ)l---l X(CItN))

If this p.d.f. is invariant under a shift of the
time origin, the process is called stationary
In the strict sense.

Ergodicity implies stationarity but the
reverse Is not in general true.

Tunua HAekTpoAdywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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+

From now on, we shall use the notation
X(t) to represent a stochastic process.
The specific interpretation of

X(t) as {X(CIt)I X(Zﬂti)l X(let)l X(Cilti)}

will be understood from the context.

Tunua HAekTpoAdywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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i Autocorrelation R, (t4,t5)

H auToouoXETIoN Hiac oTtoxaoTikng diepyaaiac x(t) eival
Ryt ) =EXEIX(E)}= [ [ e st s,

Eav n diepyacia €ivail stationary, TOTE
E{x(t)x(t,))}= R,(t;-t,)= R,(T), onou 7= t;-t,

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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i Wide-sense stationary

Stationary uno Tnv €upeia evvoia onuaivel
OTI N MEON TIMN KAl N QUTOCUCYXETION €ival
ave&apTnTa ano Tnv apxn Tou Xpovou.

Apa

E{x(t)}=n, (oTaBepn, avetapTtnTn ano xpovo)

E{x(t)x(t+1)}= R (1) (e€apTarai povo ano tnv diagopa 1)

O1 oToy. diepy. nou Ba peAeToupe dw Ba €ival NAvVTOTE
wide sense stationary and ergodic in the mean and autocorrelation

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv



AHMOKPITEIO NANENIZTHMIO ©PAKHZ

i Power Spectrum S(w)

The Power spectrum S(w) of a stochastic stationary process is defined
as the the Fourier Transform of its autocorrelation R(T)

R(T)oS(w)
S(w) is defined only for stationary processes.

. 1 e
For ergodic process S(w)= lim | [ x(tedtP
T

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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i I010TNTEC AUTOOUGYXETIONC

R(T) NpayuaTikn ouvapTnon

R(T) = R(-T) |OUMMETPIKN

R(0)=R(T1)

S(w) 20 To qpaopa sival navroTe BeTIKO

1 T S(w)dw =R(0) =o;
21 7

R(o0) =|E {X(t)} |2 Edv x(t) dev sival nepiodikn ouvaptnon

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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Eppnveia 6|C|q>opu)v HECWV TIHWV YIA EPYODIKEC B
OTOXAOTIKEC AlEpyaTiec <.> i

Eav x(t) €ival n Taon navw o€ pia avriotaon 1 Q

[( f(t))= hmTl Tff (t)dt]

-T/2

E{x(t)} — <X(t) > OUVEXNC OUVIOTWOd

E{x(t)}2=]<x(t)>|2 I0XUG OUVEXOUG PEUHATOG

E{|x(t)|%} =<|x(t)|%> oNIKR 10XUG

= E{|x(t)|%} -E{x(t)}? I0XUG EVAAAAOOOHEVOU PEUHATOG

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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i Crosscorrelation R, (ty,t;)

H eTepoouayeTion OUO GTOXACTIKWV OIEPYATIWV
x(t) kar y(t) ival

ny(t11t2)= E{x(t)y(t,)}

Eav o1 diepyaoiec sivai stationary, TOTE
E{X(tl)Y(tZ)}= ny(tl_t2)= ny(T)l onou T= G-t

Kdl

R,y (T)oS,, (0)

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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+

ny(tutz): E{x(t)y(t,)}=
E{x(t,) YE{Y(t,)}

x(t) kar y(t) eival acuoYeTIOTEC
(uncorrelated)

ny(tlltZ) = E{X(tl)Y(tZ)}= 0

x(t) kar y(t) eival opBoywviec
(orthogonal)

Eav o T..

X(ty), x(t,),... x(ty) xai
y(t), y(&),-.. y(ty) €ivai
ave&apTnTEC

x(t) ka1 y(t) eivar ave€aptnTeg
(independent )

Tunua HAekTpoAdywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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i Aeukoc Bopupoc (white noise)

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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i Aeukog Oopuog pe Gaussian kaTavoy

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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>updBoAIouoi kal AlavuouaTa

OewpnOEIC
« O1 yeTpnosic (xapaktnploTika) €ival 0iaoTaTta diavuouaTa X

x=[x .. x[

= Ta npotuna (kAaoeig) Q, M aTto nAnbog, unoAoyifovral and To GUVOAO
TWV XAPAKTNPIOTIKWV JEOW TNC YEVIKNG ouvapTNONG anopacng

) — 10

= AnooTaocelq
= EukAeidia

n

d,(Xy)=(x-y) (x-y)"* = {Z(Xi -y, )2}

i=1

= City block n
dy(X,y) =) abs(x -V,
=1

= Chebychev
d; (X,y) =max; (X, - Y;)

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv



AHMOKPITEIO NANENIZTHMIO ©PAKHZ

i MEDIKEC XPrIONIEC OXEOEIC

j: u®)dv(t) = utv()|, - j: v(t)du(t)

[Tapdymwyog Ohokinpouatog (tumog tov Leibniz)

0" . 09, (1) dp (1), " of (z.b)
— [T @hdr= @002~ fpO.0=_)+ | = dr

o (1) o (1)

Avicotnta tov Swartz
2

b

j f(t)g(t)dt

a

b b
< j (1) dt j lg(t)| dt with equality if f (t) =kg' ()

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv



