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Mneudiavn Bewpia anoPacewv

2Ta Nponyouleva padnuata oulnTAoapE TIG TEXVIKEG Baai{OPEVOl 0T Bewpia ano@acewy Bayes kal napouaiaoTnkav ol
BewpnTIKEG ANOJEIEEIG TWV OXETIKWV aAyopiBuwv. OI NEPIOaOTEPOI and Toug alyopiBuoug sival anAoi TOGo oTn doun
000 Kal OTNV QUOIKN aITIoAOynon Toug.

> pia epyacia Tagivounong (avayvwpiong npotuTou), Hag divetal éva MPOTYIMO kal BEAOUME va To KaTaTa&oupe o€ ia
ano C kAaoeig (katnyopieg) w,. O apiBPoG Twv kAacswy, C, Bewpeital OTI €ival yvwOTOG €K TWV NPOTEPWV.

KaBe npoTUNO avTinpoowneveTal ano éva oUVoAo xapaktnpioTikawy, X (i), i =1, 2,...,d, To onoio kavel Tov d-
diaoTaTto xapaktnploTikd diavuopa x = [x (1), x (2),. .., x (d)]T ERd

YnoBsToupe OTI KABs NPOTUNO €ival Jovadiko Kal EKNPOCWNEITAl ano €va POVO XapakTnpIoTIKO didvuopa kail OTi Pnopei
va avnkel o€ pia JOvo kaTnyopia w;.

Aedopévou x € Rd kal eva ouvolo katnyopiov C, w;, i =1, 2,. .., C, n Bewpia Bayes dnAwvel OTI

P(a, | x) = cp(xlwi)P(wi) _ p(x| »)P(w,)

Y pixlw)Pl@)  PY

'Onou P (w; ) €ival n ek TwV NpoTEPWV (@ priori) mBavoTnTa TNGKAAONG W, : i =1, 2,...C,

P (w; | X) €ival n ek Twv uoTEPWY MBavoTnTag (aposteriori) TG kKAAong w, dedOPEVNG TOU X

p (x) €ival n ouvaptnon nukvoTnTac niBavotnTac (pdf) Tou x

kal p (x|jw), i=1=2,...,C, €ival n uno ouvlnkn pdf Tou x dedopEvou w; (MEPIKEG POPEG KAAEITAI N DECPEUNEVN
meavoTnTa Tou X WG Npog w; ) n nibavogpaveia (likelihood) Tou w, ©€ OxEoN WE TO X.

snueiwon: Me P(.) oupBoAiloupe miBavotnTeg evw pe P(.) ouvaptroeig nukvoTnTag meavornrag (pdf)

Tunua HAekTpoAdywv Mnxavikwv & Mnxavikwv YRoAoyioTwv



AHMOKPITEIO MANENIZTHMIO ©PAKHZ

i Kavovac anogpaonc Bayes

To TTPOTUTIO X, TO TACIVOMOUME OTNV KAGQON
TTOU EXEI TN MEYOAUTEPN €K TWV
uoTEpwy mBavortnta !

N0

AnAadn eav x={x,, X,, ..., X} TOTE TO X avayvwpileTal OTI AVNKElI TNV
kKAGon w; €av
P(w; [x)= P(w; [x)yia OAa Ta j=1,2,...,C
Kai
P, =P(error)= 1-max [P(w, /x), P(w, [x),..., P(w, [x)]

H enihoyn auTn €ival BEATIOTN UNO TNV £vvola OTI EAAXIOTOMOIEI TNV OAIKN
néavoTnTa Aabouc

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikmv YnoAoyioTwv



AHMOKPITEIO MANENIZTHMIO ©PAKHZ

Kavovikn Katavoun (Gauss)

Gaussian pdf, xpnoidonolsiTal EUPEWC TNV avayvmpion NpoTunwv, AOyw TN HadnuaTiknG EUKOAIac XeipiopoU TG
KaBwg Kal AOyw TOU KEVTPIKOU opiakoU BswpruaTtoc, To onoio dnAwvel 0TI To pdf Tou aBpoiopaToc piac osipdac
OTATIOTIKA AVEEAPTNTWV TUXAIWV HETABANTWV TEIVEI 0TNV KaTavoun Gauss kabwc o apiBuoc Twv Tuxaiwv JETABANTWOV
Teivel 0TO Aneipo. TNV Npagn, auTo MNepinou I0XUEl Kal yia Evav apKeTa Jeyalo apiBuod
TWV TUXAiwV HETABANTQV.

H noAudiaoTaTtn Gaussian pdf €xel Tn popPn
il 1 Tl
() = ——5——exp| — (x— )" (x~41)
(27)2 |3)/?

Onou M=E(X) civai n uéon TipRA Tou dlavuouatog X

O Op O1p
Kai & o nivakac ouvdiaonopdc (covariance) Z —E [(X _ ,Ll)(X . ,U)T ]: Oy Oy O1p
| Op1 Op» Opp |

>uxva ava@epoduaoTe oTnv Gaussian KATAvoun 0av KAvoviKR KaTavoun kai Tnv ouppoAifoupe Ye To N(p, Z).

Ma TNV nepinTwon Tng KIag didotaonc, dnAadn 1o x € R, £xoupe N(p, o) 1 N(H, 02 ) pe 02 Tnv diaonopd Tou X.
Eav dev €ival npopavec anod Tov CUHBOAICHO TOTE OewpoUpE 0TI Xpnoigonoigital To N(l, 02)
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‘_L 1 D Kavovikr) Katavopr (Gauss}
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E{l}= ]o p(x)dx =1

E{x}= Txp(x)dx = 1

E{(X—ﬂ)z}:T(X—ﬂ)zp(x)dx:az S R S

—00

Pr(x - 4] < o)=0.68, Pr(x— < 25)=0.95, Pr(x— 4 <3c)=0.997,
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Example 1.3.1. Compute the value of a Gaussian pdf, A'(m,S), at x; =[0.2,1.3]7 and x» =
[2.2, —1.3]7, where

B r « |10
m_[O,l],S_[O 1]

Solution. Use the function comp_ gauss_dens_val to compute the value of the Gaussian pdf. Specifi-
cally, type

m=[0 1]1'; S=eye(2);

x1=[0.2 1.3]1"; x2=[2.2 -1.3]";
pgl=comp_gauss_dens_val(m,S,x1);
pgZ=comp_gauss_dens_val(m,S,xZ2);

The resulting values for pgl and pg?2 are 0.1491 and 0.001, respectively. |
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Example 1.3.2. Consider a 2-class classification task in the 2-dimensional space, where the data in
both classes, w1, wy, are distributed according to the Gaussian distributions A (mm1,.51) and A (12, .52),
respectively. Let

1 0
m =[1, 117, my=13, 31, 51:82:[0 1]

Assuming that P(w1) = P(en) = 1/2, classify x = [1.8, 1.8]7 into ey or ws.

Solution. Utilize the function comp_ gauss_dens_val by typing

Pl1=0,5;

P2=0.5;

ml=[1 11"; m2=[3 3]'; S=eye(2); x=[1.8 1.8]";
pl=Pl*comp_gauss_dens_val(ml,S,x);
pZ=PZ2*comp_gauss_dens_val(mZ,S,x);

The resulting values for pl and p?2 are 0.042 and 0.0189, respectively, and x is classified to ey according
to the Bayesian classifier. I
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Example 1.3.3. Generate N = 500 2-dimensional data points that are distributed according to the

2
Gaussian distribution A (1, ), with mean m = [0, 017 and covariance matrix S = |:01 0122}, for the
following cases:

of =05=2,012=0
of—=0.2,00 =2, 012 =0
o =2,08 = 02,01 =0
af:agzl,au:OS

2

ol =03,03=2,012=—05

Plot each data set and comment on the shape of the clusters formed by the data points.
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Solution. To generate the first data set, use the built-in MATLAB function mynrad by typing

randn('seed’',0) %Initialization of the randn function
m=[0 0]";

S=[1 0:0 11:

N=500;

X = mvnrnd(m,S,N)";

where X is the matrix that contains the data vectors in its columns.

To ensure reproducibility of the results, the randn MATLAB function, which generates random
numbers following the Gaussian distribution, with zero mean and unit variance, is initialized to a
specific number via the first command (in the previous code randn is called by the mvnrnd MATLAB

function).
To plot the data set, type

figuretl), plot(X(1,:),X(2,:),".");
figure(l), axis equal
figure(ly, axis([-7 7 -7 7]
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Working similarly for the second data set, type

m=[0 0]";

=102 00 0.2]1%

N=500;

X = mvnrndim,S,N)";

figure(2), plot(x(l,:),X(2,:),".");

figure(2), axis equal

figure(2y, axis([-7 7 -7 71) I

The rest of the data sets are obtained similarly. All of them are depicted in Figure 1.1, from which one
can observe the following:
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When the two coordinates of x are uncorrelated (o2 = 0) and their variances are equal, the data
vectors form “spherically shaped” clusters (Figure 1.1(a—¢)).

When the two coordinates of x are uncorrelated (012 = 0) and their variances are unequal, the data
vectors form “ellipsoidally shaped” clusters. The coordinate with the highest variance corresponds
to the “major axis” of the ellipsoidally shaped cluster, while the coordinate with the lowest variance

corresponds to its “minor axis.” In addition, the major and minor axes of the cluster are parallel to
the axes (Figure 1.1(d, €)).

When the two coordinates of x are correlated (o712 # 0), the major and minor axes of the ellipsoidally
shaped cluster are no longer parallel to the axes. The degree of rotation with respect to the axes
depends on the value of o2 (Figure 1.1(f-h)). The effect of the value of ¢12, whether positive or
negative, is demonstrated in Figure 1.1(g, h). Finally, as can be seen by comparing Figure 1.1(a, f),

when o712 # 0, the data form ellipsoidally shaped clusters despite the fact that the variances of each
coordinate are the same.
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1.4 MINIMUM DISTANCE CLASSIFIERS

1.4.1 The Euclidean Distance Classifier
The optimal Bayesian classifier is significantly simplified under the following assumptions:

* The classes are equiprobable.

» The data in all classes follow Gaussian distributions.

* The covariance matrix is the same for all classes.

+ The covariance matrix is diagonal and all elements across the diagonal are equal. That is, S = 21,
where 7 is the identity matrix.

Under these assumptions, it turns out that the optimal Bayesian classifier is equivalent to the minimum
Euclidean distance classifier. That is, given an unknown x, assign it to class ay; if

x — | = (v —mp)T (x —my) < ||x —myl|, Vi)

Tt must be stated that the Euclidean classifier is often used, even if we know that the previously
stated assumptions are not valid, because of its simplicity. It assigns a pattern to the class whose mean
is closest to it with respect to the Euclidean norm.

1.4.2 The Mahalanobis Distance Classifier

If one relaxes the assumptions required by the Euclidean classifier and removes the last one, the one
requiring the covariance matrix to be diagonal and with equal elements, the optimal Bayesian classifier
becomes equivalent to the minimum Mahalanobis distance classifier. That is, given an unknown x, it is
agsigned to class wj; if

Vo —m)TSLx —m;) < \/(x —mpTS= o —my), Vi #i

where S is the common covariance matrix. The presence of the covariance matrix accounts for the shape
of the Gaussians [ Theo 09, Section 2.4.2].
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Example 1.4.1. Consider a 2-class classification task in the 3-dimensional space, where the
two classes, @y and @», are modeled by Gaussian distributions with means my = [0, O, 0] and
my = [0.5, 0.5, 0.5]7, respectively. Assume the two classes to be equiprobable. The covariance matrix

for both distributions is
( 0.8 0.01 0.01 "‘
S=1 001 0.2 0.01
L0.0I 0.01 0.2

Given the pointx = [0.1, 0.5, 0177, classify x (1) according to the Euclidean distance classifier and
(2) according to the Mahalanobis distance classifier. Comment on the results.
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Solution. Take the following steps:

Step 1. Use the function euclidean_classifier by typing

gl 028 0 l]%s

ml=[0 0 01":; mz=[0.5 0.5 0.51";
m=[ml mZ]:
z=euclidean_classifier(m,x)

The answer is z = 1; that is, the point is classified to the @y class.

Step 2. Use the function mahalanobis_classifier by typing

x=[0.1 0.5 0.11";

ml=[0 0 01'; m2=[0.5 0.5 0.5]";

m=[ml m2];

s={0.8 0,01 0,01:0 .01 0,2 09.01: 001 0,01 Q.21
z=mahalanobis_classifier(m,S,x);

This time, the answer is z = 2, meaning the point is classified to the second class. For this case, the
optimal Bayesian classifier is realized by the Mahalanobis distance classifier. The point is assigned
to class wo in spite of the fact that it lies closer to m; according to the Euclidean norm. [ ]
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Appendix

This appendix lists the functions (m-files) developed by the authors and used in the examples in this
book. Functions used that are part of MATLAB s commercial distribution have been omitted; the reader
is referred to the respective MATLAB manuals.

In the following list, functions are ordered alphabetically by chapter. For further function details,
including descriptions of input and output arguments, refer to MATLAB’s help utility. Also see the
complete source code of the listed m-files, provided as part of the software on the companion website.

Chapter 1
bayes_classifier Bayesian classification rule for ¢ classes, modeled by Gaussian distributions (also
used in Chapter 2).

comp_gauss_dens_val Computes the value of a Gaussian distribution at a specific point (also used in
Chapter 2).
compute_error Computes the error of a classifier based on a data set (also used in Chapter 4).

em_alg_function EM algorithm for estimating the parameters of a mixture of normal distributions,
with diagonal covariance matrices.

EM_pdf est EM estimation of the pdfs of ¢ classes. It is assumed that the pdf of each class is a mixture
of Gaussians and that the respective covariance matrices are diagonal.

euclidean_classifier Euclidean classifier for the case of ¢ classes.

Gaussian_ML_estimate Maximum Likelihood parameters estimation of a multivariate Gaussian
distribution.

generate_gauss_classes Generates a set of points that stem from ¢ classes, given the corresponding a

priori class probabilities and assuming that each class is modeled by a Gaussian distribution (also
used in Chapter 2).

k_nn_classifier k-nearest neighbor classifier for ¢ classes (also used in Chapter 4).

knn_density_estimate k-nn-based approximation of a pdf at a given point.

mahalanobis_classifier Mahalanobis classifier for ¢ classes.

mixt_model Generates a set of data vectors that stem from a mixture of normal distributions (also used
in Chapter 2).

mixt_value Computes the value of a pdf that is given as a mixture of normal distributions, at a given
point.

mixture_Bayes Bayesian classification rule for ¢ classes, whose pdf’s are mixtures of normal
distributions.

Parzen gauss kernel Parzen approximation of a pdf using a Gaussian kernel.

plot_data Plotting utility, capable of visualizing 2-dimensional data sets that consist of, at most,
7 classes.

Auxiliary functions gauss.
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