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EkTipnon Mapaperpwyv

'Eva npoBAnMa nou ouvavTiETal ouxva oTnv npagn sivar oTi ol pdfs nou nepiypagouv
OTATIOTIKN KATAVOMN TWV OEO0OUEVWV TwV KAQOEWV OV €ival yVwoTr Kal NPENEl va eKTIUNOEI
HE TN Xpnon 0edoNEVWV EKNAIdEUONC.

Mia nNpoosyylon o€ auTo To NPOPBANKA EKTIKNONG ASIToupyia gival

va unoBeooupe OTI Eva pdf €XEl PIa GUYKEKPIPEVN Hop®r, aAAG Bev yYVwPI(OUE TIG TIMEG
TWV NAPAPETPWV nou Tnv opilouv. MNa napadeiyua, JnopoUue va yvwpi(oupe OTI

TO pdf €ival Gaussian pop®nc, al\a dev yvwpi(OUPE TNV PECN TIKA Kal / | Ta OToIXEIQ Tou
nivaka ouvdlakupaveong 2.

H exTiynon peyiotng miBavogaveiag (ML, Maximum Likekihood) Bewpei TIG TINEC TwV
ayvwOoTwV NAPAPETPWY «AYVWOTEG 0TABEPES> Kal Npoonabei va Bpei NOIEC ival AUTEC WOTE
va PEyIoTonoIEiTal N MOavoTNTa va NApOUNE TO CUYKEKPIMEVO «OEIYHa» TIHWV.
Eomialovrag otnv Gaussian PDF kai av unoB£ooupe 0TI pag
divovtal N onpeia, x, ERP, i =1, 2,. .., N, Ta onoia €ival yvwoTo 0TI npogpxovTal ano pia
KAVOVIKI KaTavopr, ol EKTIUNTEC ML TG AyvwaoTng JEONG TIMNG Kal TOU nivaka
ouvdiaanopdc divovTtal ano

o=

PIRREEE S R (R

>uvnBwc, avTi e N, To dBpoiopa yia Tov unoAoyiopd Tou nivaka cuvdiaonopdg To diaipoUpe

ue (N-1), yiaTi €701 0 eKTIUNTAG €ival unbiased, d16TI N s
N -1
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o
Example 1.4.2. Generate 50 2-dimensional feature vectors from a Gaussian distribution, A (1, 5), &
where

m— 2,27, S:[ 0.9 0.2 }

G2 03

Let X be the resulting matrix, having the feature vectors as columns. Compute the ML estimate of the
mean value, s, and the covariance matrix, S, of A'(m,.5) and comment on the resulting estimates.

Solution. To generate X, type

randn('seed"',0)

m=[2 -2]1; $=10.9 0.2; 0.2 .31;
X = mvnrnd(m,S,50)";

To compute the ML estimates of #z and S, type

[m_hat, S hatl=Gaussian_ML_estimate(X);

The results are

m_haf — [20495’ —1-9418]T, S_hflf: |: 0.8082 0.0885 j|

0.0885 0.2298

It can be observed that the estimates that define the corresponding Gaussian pdf, although close
to the true values of the parameters, cannot be trusted as good estimates. This is due to the fact that
50 points are not enough to result in reliable estimates. Note that the returned values depend on the

initialization of the random generator (involved in function mvarnd), so there is a slight deviation
among experiments. ]
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‘L Kwdikac MatLab

function [m_hat,S_hat]=Gaussian_ML _estimate(X)
[I,N]=size(X);
m_hat=(1/N)*sum(X")’;
S_hat=zeros(l);
for k=1:N
S _hat=S_hat+(X(:,k)-m_hat)*(X(:,k)-m_hat);
end
S _hat=(1/N)*S_hat;

Ed&v tpe€ovue 10 mpdypappa yio N=10000 naipvoopue
_ | 2.0024 S _ 0.9009 0.2046
“ 2.0014 0.2046 0.2046
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N

Example 1.4.3. Generate two data sets, X (training set) and X (test set), each consisting of N = 1000
3-dimensional vectors that stem from three eguiprobable classes, w1, @n, and @3. The classes are
modeled by Gaussian distributions with means m; = [0, 0, 017, my =[1, 2, 217, and m3 = [3, 3, 417,
respectively; their covariance matrices are

08 0 0
§5i=8=8=|0 08 0 — 2]
0O 0 0.8

1. Using X, compute the maximum likelihood estimates of the mean values and the covariance matrices
of the distributions of the three classes. Since the covariance matrices are known to be the same,
estimate them for each class and compute their average. Use the latter as the estimate of the (common)
covariance matrix.

2. Usethe Euclidean distance classifier to classify the points of X; based onthe ML estimates computed
before.

3. Use the Mahalanobis distance classifier to classify the points of X; based on the ML estimates

computed before.

Use the Bayesian classifier to classify the points of X; based on the ML estimates computed before.

For each case, compute the error probability and compare the results (all classifiers should result in

almost the same performance. Why?).

L
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1.4 MINIMUM DISTANCE CLASSIFIERS

1.4.1 The Euclidean Distance Classifier
The optimal Bayesian classifier is significantly simplified under the following assumptions:

* The classes are equiprobable.

» The data in all classes follow Gaussian distributions.

* The covariance matrix is the same for all classes.

+ The covariance matrix is diagonal and all elements across the diagonal are equal. That is, S = 21,
where 7 is the identity matrix.

Under these assumptions, it turns out that the optimal Bayesian classifier is equivalent to the minimum
Euclidean distance classifier. That is, given an unknown x, assign it to class ay; if

x — | = (v —mp)T (x —my) < ||x —myl|, Vi)

Tt must be stated that the Euclidean classifier is often used, even if we know that the previously
stated assumptions are not valid, because of its simplicity. It assigns a pattern to the class whose mean
is closest to it with respect to the Euclidean norm.

1.4.2 The Mahalanobis Distance Classifier

If one relaxes the assumptions required by the Euclidean classifier and removes the last one, the one
requiring the covariance matrix to be diagonal and with equal elements, the optimal Bayesian classifier
becomes equivalent to the minimum Mahalanobis distance classifier. That is, given an unknown x, it is
agsigned to class wj; if

Vo —m)TSLx —m;) < \/(x —mpTS= o —my), Vi #i

where S is the common covariance matrix. The presence of the covariance matrix accounts for the shape
of the Gaussians [ Theo 09, Section 2.4.2].
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function [z]=euclidean_classifier(m,X)
[I,c]=size(m);
[I,N]=size(X);

for i=1:N
for j=1:c

de()=sart((X(:,D)-m(:.1))*(X(:.1)-m(-.))));

end
[num,z(i)]=min(de);
end

function [z] = mahalanobis_classifier(m,S,X)
[l,c]=size(m);
[I,N]=size(X);

for i=1:N
for j=1:c
gm(j)=sqrt((><(i,i)-m(:,J'))'*iHV(S)*(X(i,i)-m(:,j)));
en
[num,z(i)]=min(dm);
end

function [z]=bayes_classifier(m,S,P,X)
[I,c]=size(m);
[I,N]=size(X);

for i=1:N
for j=1:c

t(j))=P(j)*comp_gauss_dens_val(m(:,j),S(:,:.)).X(:,1));

end
[num,z(i)]=max(t);
end




AHMOKPITEIO MANENIZTHMIO ©PAKHZ

Solutfion. To generate X, use the function generate_gauss_classes by typing

m=[0 0 0; 12 2; 33 4]1";
51=0.8%eye(3);
SC:,:,1)=S1:SC:,:,2)=S1;S(:,:,3)=S1;
P=[1/3 1/3 1/3]1"; N=1000;
randn('seed',0)

[X,y]=generate _gauss_classes(m,S,P,NJ;

where
X is the 3 x N matrix that contains the data vectors in its columns,
y is an N-dimensional vector that contains the class labels of the respective data vectors,
P is the vector of the respective class a priori probabilities.

The data set X is generated similarly:

randn( ' seed',100);
[X1,yl]=generate_gauss_classes(m,s,P,N);

where randn is initialized using seed = 100.
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Perform the following:

Step 1. To compute the ML estimates of the mean values and covariance matrix (common to all three
classes), use Gaussian_MI._estimate by typing

classl_data=x(:.,find(y=1));

[ml_hat, S1 _hatl]=Gaussian_ML_estimate(classl _datal;
class? data=kl; Tinaly=2));

[mZ2_hat, SZ_hat]=Gaussian_ML_estimate(classZ _data);
class3 _data=X(:,Tind{y==3));

[m3_hat, S3_hat]=Gaussian_ML_estimate(class3_datal;
5 hat=( Li3)*(3] hat+dzZ hat+33 hat):

m_hat=[ml_hat mZ_hat m3_hat];
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Step 2. For the Euclidean distance classifier, use the ML estimates of the means to classify the data
vectors of X, typing

Z euclidean=euclidean classifier(m hat,X1):

where z_euclidean is an N-dimensional vector containing the labels of the classes where the
respective data vectors are assigned by the Euclidean classifier.

Step 3. Similarly for the Mahalanobis distance classifier, type
z_mahalanobis=mahalanobis_classifier{m_hat,S_hat,X1);

Step 4. For the Bayesian classifier, use function baves_classifier and provide as input the matrices m,
S, P, which were used for the data set generation. In other words, use the true values of m, .S, and P
and not their estimated values. Type

Z bayesian=bayes_classifier(m,>,P,X1);
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Step 5. To compute the error probability for each classifier, compare the vector y; of the true class labels
of the vectors of X1 with vectors 7_euclidean, z_mahalanobis, and z_bayesian, respectively. For
each comparison, examine the vector elements in pairs and count the number of matches (i.e., correct
classifications); divide by the length of y;. Type

err_euclidean = (1-length(find(yl==z_euclidean))/lengthiyl));
err_mahalanocbis = (1-Tength(find(yl==z mahalanobis))/length(yl));
err_bayesian = (1-length(find{(yl==z bavesian))/length(yl));

The error probabilities for the Buclidean, Mahalanobis, and Bayesian classifiers are 7.61%,
1.71%, and 7.61%, respectively. The results are almost equal since all of the four assumptions
in Subsection 1.4.1 are valid, which implies that in the present case the three classifiers are
equivalent. ]
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Napdadeiypa: Anhonoinpévoc EKTiunTAG

'EoTw dedopeva nou dnuioupyouvTal ano Tnv napakatw pdf

1 _
p(x| @) =————expl—(x— )" =} (x— 11,))
Q)22

Mei=2,d=5karp,=[00000]", p,=[11111]T
08 02 01 005 0,01] 0,9 01 0,05 002 0,01]
02 0,7 0,1 0,03 0,02 0l 08 01 0,02 0,02
> =/01 01 08 002 001[,2,=[005 01 07 002 00l
0,05 0,03 0,02 0,9 0,01 0,02 0,02 0,02 0,6 0,02
10,01 0,02 0,01 0,01 08 10,01 0,02 001 0,02 07

To deiypa eknaideuong X, exel N=50 deiypara, evw 1o deiyua
eAeyxou X, €xel N=10.000 deiypaTa
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Bayesian ekTiunNTNC

Metaue eva vopiopa N=10 gopec kar pepvoupe {K,K,Y,K,Y,K,K,K,Y,K}
(k=kepaAl,y=ypauuata). MNoia eivar n mbavoTnTa @ va pepouE
kKe(paAl; H apyikn katavopn Tou O gival opoiopopepn oto (0, 1)

Na Bpebei (apiBunTika) To p(x =k | D')

Auon: Tvwpiloupe
p(%,|6)p(0] D™
[ p(x,10)p(@| D" ")do’

pO|D") = p(08| D) yvewoto (apriori)

0 v xepd o
opmg P(X,|0)= ) ) , KOl CUVETTG EYOVLE
(1-0) edv ypdpupota
0“(1-6)"“p(®|D")

jek(l—e)N—k p(0| D*)de

p(0|D")=
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clear all; close all; format long

syms r
u=0:0.01:1;

y1= u / double(int(r,r,0,1));

y2= (u.”3).*¥((1-u).~2) / double(int(rA"3*(1-r)"~2,r,0,1));

y3= (u.”~7).*((1-u).”~3) / double(int(rA7*(1-r)~3,r,0,1));

hold on; axis([0 1 0 3]);

plot(u,y1,'r"),xlabel("\Theta'), ylabel('p(\Theta|Dn)");

plot(u,y2,'b"); plot(u,y3,'g"); grid on

h = legend('p(Theta|D”1)','p(Theta|DA5)','p(Theta| D 10)','Location’,'NorthWest');
set(h,'Interpreter','none'")

3777777777\7777777777777777777777777777777777777

hold off — p(Theta|D) l |
—— p(Theta|D"s) | |

[g,w]=max(double(y3)); 2.5 p(ThetalDMO) |~~~ — — — -~ ol
disp(['The max value for y3 is=' num2str(q)]) l l 1 1
disp(['for x=" num2str((w-1)/100)]) l l l l
S R e e LR

The max value for y3 is=2.9351 R o T
for x=0.70 C% T O S S ANy AU v S R
& - N |

TS N A

RN 3 3
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) l l

e | |

OO/ O‘l 0‘2 0‘3 0‘4 O.‘5 0‘6 0‘7 0‘8 0.9 i
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