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[NAPAOYPA PARZEN

[la va unoAoyigoupe TNV pdf pn(x) oTo oNUEi0 X NPOGOETOUNE TO
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[MapaBupa Parzen
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Tunua HAekTpoAdywv Mnxavikwv & Mnxavikwv YRoAoyioTwv




AHMOKPITEIO MANENIZTHMIO ©PAKHZ

i Parzen Mapabupa

Example 1.7.1. Generate /= 1000 data points lying in the real axis, x/
ER, i=1,2,...N, from the following pdf, and plot p(x):

xzj 2 1 (x—2)

1 1
pP(Xx) == exp(— +— exp| —
3.\ 2x0; 207 ) 3 270, 20,

where g, =0,= 0.2.

Use the Parzen windows approximation with normal kernel, with 2= 0.1,
and plot the obtained estimate.
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Solution. The pdf is actually a Gaussian mixture model. Use the function generate_gauss_classes to
generate the required data set, typing

m=[0; 2]1";
SCs. :.10)=00.21:

S{e, =, 2=[0.2]¢

P=[1/3 2/31];

N=1000;

randn('seed',0);
[X]=generate_gauss_classes(m,S,P,N);

Step 1. To plot the pdf, assume x € [—5, 5] and type

¥==8a0 .1zt
pdfx=(1/3)*(1/sqrt(2*pi*0.2) )*exp(-(x."2)/0.4)

Hle 8 FCLASgr LA™ T 02 JIRERpL < ¢ (=2 o 22 {0 4.1
plot(x,pdfx); hold;
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Step 2. To compute and plot the approximation of the pdf for £ = 0.1 and x £ [—35, 5], use function
Parzen_gauss_kernel as follows:

h=0.1;
pdfx_approx=Parzen_gauss_kernel(X,h,-5,5);
plot(-5:h:5,pdfx_approx, 'r'):

" N=1000, h=0,1
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N0

N=1000, h=0,01

N=10000, h=0,1
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MBavoTika Neupwvika AiKTua
Probabilistic Neural Networks (PNN)

» Eicoooc: {x,, k=1,...,d} dxopPou, kabévag aviiotoryel og £va yopaKmmploTiKo.

» wy: Papn mov cuvoLovv v k—oty]
€l0000 e TOV j—010 KOUPO Kpueov
emmnédov (KOUPo mpotdmov). a..

category

» Kpueo eminedo: n koppot, kabévag
avtiotoyet oe Eva TpdTuTo, ONAUON
detyna exmaidevong, j=1,2,...,1.

pattern

» Eminedo e£doov: ¢ kouPot, input
KoOEVOS TOPLoTA Lo KAGOT).

» a;;: Bapn mov GLVOEOVV j—0TO KPLOO
KOUPO pe Tov i—oto KOUPo €000V,

k=1,2,...,d
i=12...c d-8iaoTaro diavuopa e10050u x
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PNN - Eknaideuon

Exmaidsvuon
» To j-oto octypo ekmaidsvong (mpdtomo)
KOVOVIKOTOIEITUL VO, £YEL LETPO LOVAOU.

category

» TomoBeteitan otovg KOUPOLG E1GGO0V.
» Ta Papn Wiy opilovtar mg Wi =Xy a;;
» Mia povaodikn cvvoson pe Papog aj]:l
YIVETOL OO TOV TPOTO KPpueo Koo oe
gKeivo Tov Koo tov smmédov e£6d0v TOV
avVTIoToLYEl otV (YVIOoTH) KAACT TOL X..

paitern

1
input
Algorithm 1 (PNN training)
i begin mitialize =0, a=0 for j=1,...n; i=1,...c
g do j«— j+1 7 k=1,2,...,d
f’ - L) L) L

. v raaline s wi SR} (E'-'-‘,‘Ea) d-3idoTaro diavucpa £10630u X
4 train : wyy — T4
K if x©w;, then g, €1
6 until = n
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PNN — Ta&vounon

» Kdbe k6upo¢ TpoTUTTOU dNMIOUPYEI TO ECWTEPIKO YIVOUEVO TOU JIAVUOUATOC
Bapwv TOU Kal TG KAVOVIKOTTOINUEVNG 10000V X YIa VO UTTOAOYIOEI TO net ~wiX,
Kol va atrodwoel ellnet/ 1) /2], desired Gaussian

fir,
t‘ 1 2 fon b B 2 B, .12 ] - l a
—_— e J— a — e Embwpwe—- 2wk ) 20T (Ee 1)/
e — _—
X4 TTAaTog Mkaouooiavol wapaBipou Parzen Zuvaptnon

EVEpYOTTOINONG

» KdbBe kouBoc kKAdong aBpoilel Ta aTTOTEAECUATA TWV KOUBWYV TTPOTUTTWY TToU
ouvdEovTal JE autdv. AuTo e€aoc@alilel OTI n evepyoTToinon KABE KAAONG
TTAPIOTA TNV EKTIUNON O.TT.TT. JE KUKAIKA CUMMETPIKG Gaussian rapdBupo Parzen
WE TTivaka cuvdlaoTtropdg o2l ., 01Tou [ gival 0 povadiaiog Trivakag.

Algorithm 2 (PNN classilication )

net,
f begin witialize i = 0, x = test pattern

2 do F— k1

3 g — WhX

; if g, = 1then g — g, +exp(zx — 1)/
5 until i =n

6 return class «— arg max g;(x)

e

7 onacd
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Mapadeiyua ParzenPNN

function net = parzenPNNIlearn(samples,classification,center)
samples=[x; X, X3 «cuus xn]T Matrix Nxd with N samples with d components each.
Classification = [®,0;0;,....00,] Classification of the N samples in C classes
Center=true

Example: N=5, d=2, c=2

0 01
1.0 09
Samples=|0,8 0,6 | -classification =[abbba]
0,7 08
10,3 0,2]

Net : the probabilistic Parzen Neural Net

function [class,score,scores] = parzenPNNclassify(net,X,nonlin)
Net a valid parzenPNN
X sample to be classified with d componets
Nonlin = ¢ (default 2)

Example:
X=[ 0,3 0,1]
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‘L Eqpappoyn 1

close(‘all'); clear;

% To generate X, utilize the function generate_gauss_classes
m=[00;0 3; 34];

S1=0.8*eye(2);
S(:,:,1)=S1;5(:,:,2)=51,5(:,:,3)=S1;

P=[1/3 1/3 1/3]};

N=10;

randn('seed’,0);
[X,y]=generate_gauss_classes(m,S,P,N);
net=parzenPNNIlearn(X,y);
class=parzenPNNclassify(net,[1 2]")

ans=1

[class score scores]=parzenPNNclassify(net, X)

y = n 1 1 2 2 2 3 3 3]
class=[1 1 1 2 1 2 3 3 3]
Score =[3.5497 4.5272 3.1704 3.0247 2.5215 2.7730 4.7555 3.5498 3.7502]

[3.5497 2.6028 1.6534]
[4.5272 2.8883 1.3262]
SCOreS = [ cooeeeeeieieec,
[1.4972 2.1230 3.5498]
[1.6214 1.8528 3.7502]
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i Eqpappoyn 2

Eav Tpe€oupe 1o parzenPNN_demo, pac eniTpenel va
BaAloupe 3 KAaoeIc onueiwy 2 diIaoTACEWY, HETA HAG
ENITPENEI VA NPOOOECOUE KAl Vea deiyuaTa eknaideuong
Kal 0To TEAOC diaxwpilel To eNiNedO OTIC NEPIOXEC TWV
KAQOEWV




EKTINNON K -NANCIECTEPWV YEITOVWV
Kk -Nearest neighbour (KNN)

To npopAnua: ‘Exoupe N dedopeva {x4, X,,..., Xy aNO pia ayvworn pdf ka
BEAoupe va ekTiunooupe TNV TIMN p(X) Tng ayvwoTn pdf yia eva x.

O AAyopiBuog

1. EmA&youpe pia Tin yia 1o k kabwe kal Tnv ouvapTnon PETpou nou Ba
xpnoiponoinooupe yia Tnv anootaon (EukAcidela, Mahalanobis, Manhattan, ..)

2. Bpiokoupe Tnv andéoTaon Tou X ano oAa Ta dedopeva
3. Bpiokoupe Ta nAnoieotepa k dedopEva oTo X

4. YnoAoyiloupe Tov O0yko V(X) nou nepikAeiel Ta k onpeia

5. Mpooeyyitoupe Tv pdf oTO X pE  p(x)~ (X)

Eav exoupe eniAe€el Tnv EukAcideia anooTaon oTto d-81aoTaTo Xwpo Kal n anooTtacn ano To
HakpIvOTEPO OEiyla €ival p TOTE

V(x) = 2p yia d=1, V(x) = np? yia d=2, V(x) = (4/3)np? yia d=3

eVw yia anooTtaon Mahalanobis £xoupe unepeAAeIYoeIdn).

Tunua HAekTpoAdywv Mnxavikwv & Mnxavikwv YRoAoyioTwv 14
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i kK NANOIECTEPOI VEITOVEC

Example 1.8.1. Generate / = 1000 data points lying in the real axis, x/
ER, i=1,2,...N, from the following pdf, and plot p(x):

1 1 x> ) 2 1 (x-2)
p(x)=§—2exp -— |+ = eXp| —-———
270 207 ) 3 ,/2707 20,
where g, =0,= 0.2.

Use the k nearest neighborhood with k = 21, and plot the obtained
estimate.

Solution. To generate the set X of the data vectors, work as in Example 1.7.1. Assuming that we
are interested in approximating the pdf for x € [—5, 5] (as in Example 1.7.1), we use the function
knn_density_estimate, typing

pdfx_approx=knn_density_estimate(X,21,-5,5,0.1);
plot(-5:0.1:5,pdfx_approx, 'r'): 1
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Ta&vountnc KNN

» o v ta&vounon evog 0e00UEVOL dETYOTOC X,

Y Metaé) twv 7 Stavuopdtey extaidevong, Tpoadlopilovue Toug & TANCEGTEEOUS
velToveg Tou aveldTTa antd TV *AKGT OTYV Omoio AviKoLy, (OToL TO & elval
TEELTTOG Yol THEIVOUN O] O [iot ATO GVO HAKOELG).

Eav £xoupe ¢ kAaoeig TOTe To k Oev npénel va gival noAAanAdcio Tou C.
S TTpoodiopilovpe tdou and deiypota (Eotw £.) avirovy oty 16EN 4 Z;ki =k
S Tofvopodue 10 x oy ¥h&om pe 10 peyohitepo mAnog £, Serypdtov!
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i Mapadeiypa knn Ta&vounTn

Example 1.10.1

1. Consider a 2-dimensional classification problem where the data vectors stem from two equiprobable
classes, @ and ws. The classes are modeled by Gaussian distributions with means m1; = [0,01%,
ms = [1,2]F, and respective covariance matrices

0.8 0.2
S1=252= [ 0.2 0.8 }

Generate two data sets X7 and X5 consisting of 1000 and 5000 points, respectively.
2. Taking X as the training set, classify the points in X, using the k-NN classifier, with k =3 and
adopting the squared Euclidean distance. Compute the classification error.
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Solution

Step 1. To generate sets X; and X5, type

m=L0 0; 1 2]1";

=058 B 25068 Q212

S5, 7 .l B0 S 8 5,88

P=L1/2 1/2]1"; N_1=1000;

randn('seed’,0)

[X1,yl]=generate gauss_classes(m,S,P,N _1);
N_2=5000;

randn('seed",100)
[X2,yZ2]=generate gauss classes(m,S,P,N 2):

Step 2. For the classification task, use function k_nn_classifier and type

k=3:
Zz=k_nn_classifier(X1l,y1l,k,X2);

To compute the classification error, type

pr_err=sum(z~=y2)/length(y?)
Compute the optimum Classification error with a Bayes Classifier

z1=Dbayes_classifier(m,S,P,X2);
pr_err_Bayes=sum(zl~=y2)/length(y2)

H mBavoTtnTa AaBouc nou naipvoupe ival 15,12% svw 1o BEATIOTO OPAApa yia éva Bayes Ta&ivountn
gival 12,44%
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i Meiwon AlaoTacewyv

Mia peBodOC yia va PEIWCOUKE TNV UNOAOYIOTIKN NOAUNAOKOTNTA
€ival va JEIWOoOUNE Tov aplOuo N Twv XapakTnpIoTIKWV TV
delyuaTtwv X

1. MnopoUpe va To NETUXOUHE NAPAAEINOVTAC OTOUC UNMOAOYIOHOUC MEPIKA
XAapaKTNPIOTIKA
». Eival kaAUTepo va dnuioupynooupe vea deiypata Y=AX

HE TOV YPAUMIKO ouvOUAOHO WOTE KAMola XapakTnpIoTIKa TwV Y va Pnv €ival nA&ov
ONMAavTIKa yia TNV avanapaoTach Touc.

Napadeypa: X,=(1, 5), X,=(2, 8), X;=(0, 2), X,=(-1, -1), Xs=(0.2 , 2.6),

{5.06 8.22 190 1.26 2.53}

0.63 0.63 0.63 0.63 0.63

T 0316 0949|1 2 0 -1 0.2
Y=A X=
-0949 03165 8 2 -1 26

A, =12.68 A, =0.0
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X=[1,5;2,8;0,2;-1,-1;0.2,2.6]';
[eigenval,eigenvec,explain,Y,mean_vec]=pca_fun(X,2);

figure(1), hold on;
axis([-5 5 -5 10]);
plot(X(1,:),X(2,:),'r™");
Y=eigenvec'*X;
figure(2), hold on;
axis([-2 10 -1 3]);
plot(Y(1,:),Y(2,:),'r*");

10

X

Apa ¥pelalOPaoTe HOVO
£va XapakTnpIOTIKO TO
y:=0.316x,+0.949x,

* 2.5- Y

15-

0.5-

-0.5-
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MEIQ2H AIA2TA2EQN: PCA

Principal Component Analysis

'EoTw X o D-d1a0TAoeIC. @EAoUlE KAMOIO PETAaoXNUaTiopo A va pac dwoel eva y=Ax oe N-
dlaoTtaocelc, (N<D), woTe va unopoUlE va avanapaoTrOOUKE IKavonoInNTIKA TO Y O€

AYOTEPEC OIA0TATEIG

Principal component analysis (PCA) is one of the most popular techniques for dimensionality reduction.
Starting from an original set of { samples (features), which form the elements of a vector x < RY, the
goal is to apply a linear transformation to obtain a new set of samples:

y —ATx

so that the components of y are uncorrelated. In a second stage, one chooses the most significant of
these components. The steps are summarized here:

1. Estimate the covariance matrix S. Usually the mean value is assumed to be zero, E[x] = 0. In this
case, the covariance and autocorrelation matrices coincide, R = E[xxT | = S. [f this is not the case, we
subtract the mean. Recall that, given N feature vectors, x; € ’R'I, i=1,2,..., N, the autocorrelation
matrix estimate is given by

1 N
R & = ;xix{ (3.1

2. Perform the eigendecomposition of S and compute the ! eigenvalues/eigenvectors, i; &; € RE
1=0,2,...,01—1.

3. Arrange the eigenvalues in descending order, Lo = A1 = -~ - = Ar1.

4. Choosethe m largest eigenvalues. Usually i is chosen so that the gap between A,n—; and Ay, is large.
Eigenvalues Ag, A1, ..., Am—1 are known as the s principal components.

5. Use the respective (column) eigenvectors a;, i = 0,1,2,...,m — 1 to form the transformation matrix

A:[ao a1 d2 - amfl]

6. Transform each {-dimensional vector x in the original space to an m-dimensional vector y via
the transformation y = AT x. Tn other words, the ith element y(i) of y is the projection of x on a;
; T
(y(@) = al x).

TuRua HAekTpoAOywv Mnxavikwv & Mnxavikwv YnoAoyioTmv 22
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MEIQ>H AIAXTAZEQN: Texvikn Fisher

= 'EoTw y o€ D-0laoTdoelc. ©cAoupe KAMOIO JETAOXNMATIOUO W va KA OwOEl
eva x=wy o€ N-3Ia0TACEIC, WOTE va KAVOUUE TNV KATNyopIonoinon o€
AIYOTEPEC OIAOTACEIC

MNapadeiypa D=2 kai N=1

= Oeloupe va dlaAeEoupe TO HETAOXNMATIOPO W WOTE:
1. Z€ KABe KATNyopia va £XOUKE Ta yeyovoTa KOVTA PETAEU Toug, Kal
2. Ol KATNYOPIEG va anEXOUV TO HEYIOTO WETAEU TOUG.

\

= AnAadn, 6a Behape va ioxuouv: Avahuan pie KpITAIO TV
I Ol HEOEC TIMEC VA ANEXOUV TO HEYIOTO PETAEU TOUG Kal HeYIoTn DIAXWPIOTIKOTATA - AygAyon o KUPIEG
' ' ' ' ' (F'Sher Eye) ' PCA
2. 01 31aomnopéc Twv dUO KATNYOPIWV va gival Pndev. ouvioTwoeg (PCA)
2
Ta napanavw peta@palovral wg €Eng ‘ M — ,uz‘ = MmaX

2 2 -
o, + 0, =min

, 2
Kai o Fisher npoteive Tnv ‘ M — ﬂz‘

J (W) =*—=——-=max

o, + 0,

Tunua HAekTpoAOywv Mnxavik@v & Mnxavikov YNoAoyioTwv 23



AHMOKPITEIO MANENIZTHMIO ©PAKHZ

‘L >uykpion PCA kar FISHER

% Example 3.4.1 (modified by Chamzas)

% "Introduction to Pattern Recognition: A MATLAB Approach”
% S. Theodoridis, A. Pikrakis, K. Koutroumbas, D. Cavouras
close('all"); clear;

randn('seed',0)

S1=[.3.2; .25]; S2=[.51.2; 1.2 5];

[I,1]=size(S1);

mv=[-8 9; -3 10]";

N=500;

X=[mvnrnd(mv(:,1),S1,N); mvnrnd(mv(:,2),S2,N)]";
y=[ones(1,N), 2*ones(1,N)];

% Plot the dataset

figure(1), plot(X(1,y==1),X(2,y==1),'r." X(1,y==2),X(2,y==2),'bo")
figure(1), axis equal

%0 FISHER EYE ANALYSIS

% Estimate the mean vectors of each class using the available samples
mv_est(:,1)=mean(X(:,y==1)")";

mv_est(:,2)=mean(X(:,y==2)")";

% Compute the within scatter matrix
[Sw,Sb,Sm]=scatter_mat(X,y);
w=inv(Sw)*(mv_est(:,1)-mv_est(:,2));

% Compute the projections

t1=w"*X(:,y==1); 2=w"*X(:,y==2);
X_projl=[t1;t1].*((w/(w"*w))*ones(1,length(t1)));
X_proj2=[t2;t2].*((w/(w"*w))*ones(1,length(t2)));
X_proj=[X_projl X_proj2];

%pPlot the projections on the FISHER axis
figure(1), hold on

% Apply PCA on X
[eigenval,eigenvec,explained,Y,mean_vec]=pca_fun(X,1);
w=eigenvec;

% Compute the projections on PCA direction
t1=w"*X(:,y==1); 2=w"*X(:,y==2);
X_projl=[t1;t1].*((w/(w"*w))*ones(1,length(t1)));
X_proj2=[t2;t2].*((w/(w'*w))*ones(1,length(t2)));
X_proj=[X_projl X_proj2];

%pPlot the projections on the PCA axis
figure(1), hold on
plot(X_proj(1,y==1),X_proj(2,y==1),'r0',X_proj(1,y==2),X_proj(2,y==2),'bx)

plot(X_proj(1,y==1),X_proj(2,y==1),'ro',X_proj(1,y==2),X_proj(2,y==2),'bx")
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16+

14

12+

10

, , AvaAuon o€ KUpIEG
AvaAuon pe KpITAPIO TAV ouvioTwoec (PCA)
LEYIOTN dIaXwPIOTIKOTNTA
(Fisher Eye)
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