AHMOKPITEIO MANEMIZTHMIO ©OPAKHZ

Avayvwpion MpoTunwv - AoKNOEIC

[paUUIKEC ZuvapTnOoEIC AIGKPIONC
(Linear Discriminant Functions)

Xploroooudoc Xaudac

70 NEPIEXOUEVA TWV MAPOUCIGOEWV MPOEPXOVTAI aro TIC MAPOUOIAOEIC TOU avTIoToloU JI0aKTEOU Kabnuaroc Tou kab. Mavayiwtn Toakadidn, Tu. Emoriung YrnoAoyiotav, flav. Kpritng kar
TO0U KaB, S€pyiou Oodwpidn, Turua lMAnpopopikric, Mavermorruio ABnvawv. Baoiletal ota BiBAia: "Pattern Classification”, R.O. Duda, P.E. Hart, D.G, Stork, Wiley, 2" Ed., 2001 kai S.
Theodoridis, K. Koutroumbas, Pattern Recognition, 3 Edition, Academic Press, 2006
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O AAyopiBuoc Batch Perceptron

% To SLivuopo KALoEWY Elvout: VJ (a) Z y
r' yey
% Avadgopi oydon: a(k+1)=a(k) k) Yy
yeYy

omov Y, etvot 10 oOvoro Twv Setypdtwy Tou éyouy tafivounbel Adbog and to a,.

S To enopevo Sravuoua Bapouc (8.8.) tpoxdrtet we 1o dlpotoua Tov 1eyoviog 8.6.

Kol SvOC TorlaTioalon Tow abpolouatoc Twy Aaboc Tafivounuevwy SeLvLLETwY.

AAyopLOuoc 3. Batch Perceptron

1 begin initialize a, kplLtfpLo 6, N(0)>0, k=0

2 do k €& k+l
3 a{—a+r|(k)zrey y
4 until h{k}z}ﬂ y|<6

5 raturn a
& and
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Batch Perceptron

function [witer,mis_clas]=perce_with_plot(X,y,w_ini,rho)
% from function [w,iter,mis_clas]=perce(X,y,w_ini,rho)
[I,N]=size(X);

max_iter=20000; % Maximum allowable number of iterations

W=w_ini; % Initilaization of the parameter vector
iter=0; % lteration counter

mis_clas=N; % Number of misclassfied vectors

while(mis_clas>0)&&(iter<max _iter)
iter=iter+1;
mis_clas=0;

gradi=zeros(l,1); % Computation of the "gradient" term
err=0; % evaluates the error CC
for i=1:N
IF(CXC D) w)*y(i)<0)

mis_clas=mis_clas+1;

gradi=gradi+rho*(-y(i)*X(:,i));

err=err+w'*(y(i)*X(:,i));

%CC

end
end
err  %prints the values of error CC
if(iter==1)
fprintf("\n First Iteration: # Misclassified points = %g
\n',mis_clas);
end
%plots the line CC
XL=[0 -w(3)/w(1)] ; YL=[-W(3)/w(2) 0]; plot(XL,YL);
w=w-rho*gradi; % Updating the parameter vector
end

X EQv x € o,
wk+D)=wk)=p, > v, y=

T —X €V X € ,

FUNCTION

[w,iter,mis_clas]=perce(X,y,w_ini,rho)

Separates the vectors of two classes contained in a data

set X with a hyperplane, which is iteratively adjusted via the perceptron
learning rule. Note that the updating of the parameter vector at the t-th
iteration is carried out after all the data vectors have been processed by
the algorithm.

NOTE: In this implementation, the learning rate is chosen to be constant.

INPUT ARGUMENTS:
X: IXN matrix whose columns are the data vectors to
be classfied.
y: N-dimensional vector whose i-th component contains the

label of the class where the i-th data vector belongs (+1 or -1).
w_ini: |-dimensional vector, which is the initial estimate of the

parameter vector that corresponds to the separating hyperplane.
rho:  the learning rate parameter for the perceptron algorithm.
OUTPUT ARGUMENTS:

Wi the final estimate of the parameter vector.
iter:  the number of iterations required for the convergence of the
algorithm.

mis_clas: number of misclassified data vectors.
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Fixed Increment Single-Sample Perceptron

» Avtiva dokdlovpe to ddvooua Papodv afk) o Ol T dElyLOTO KoL
va. 0 dropBdvovpe Paoet Tov cuvorov Y, tov Adboc TaSvounpévey
SEYLATOV, ¥PNCIHLOTOOVE Ta. deiypate Eva KGO @opd Kot avaloyo pE
NV TEEWVOUNGT] TOV GVOEVEMVOLLE 1) OYL TO dtdvocua Papov.

» Av emumhéov, ypnooromoovpe va otabepd Pnua nik), TOTE TPOKHTTEL
0 aAyop10uoc:

AAvopLOpoc 4. Fixed-Increment Single-Sample Perceptron

1 begin initialize a, k=0

2 do k € (k+1) mod n
If y° is misclassified by a, then a € a + y*

3
4 until z11 patterns properly classified
5

return a

6 end

Kukiikn Zeipd Asdouévav (ue mpacivo vrodnimvovtol to. Adfog taSvounuéva dsiypata):

Yy 'Y M VY Vi MYy Y
> VY Y yYvye=sy, i 2 %
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Single step perceptron

{xadwxea)l

—x€elv X €,

w(k) - py, e w' (k)y, <O

i+ = { w(k) alloiwg

[w,iter,mis_clas]=perce_online(X,y,w_ini,rho)

[I,N]=size(X);
max_iter=10000000; % Maximum allowable number of iterations

W=Ww_ini; % Initilaization of the parameter vector
iter=0; % lteration counter

mis_clas=N; % Number of misclassfied vectors

while(mis_clas>0)&&(iter<max _iter)
mis_clas=0;

for i=1:N
IF((X(2,)*w)*y(i)<0)
mis_clas=mis_clas+1;
w=w-+rho*y(i)*X(;,i); % Updating the parameter vector

end

iter=iter+1;
end
if(iter==1)

mis_clas
end

end

FUNCTION

[w,iter,mis_clas]=perce_online(X,y,w_ini,rho)

Separates the vectors of two classes contained in a data

set X with a hyperplane, which is iteratively adjusted via the online

perceptron learning rule. Note that the parameter vector is updated
after

the presentation of each data vector.

NOTE: In this implementation, the learning rate is chosen to be
constant.

INPUT ARGUMENTS:

X: IXN dimensional matrix whose columns are the data vectors
to

be classfied.

N-dimensional vector whose i-th component contains the
label

of the class where the i-th data vector belongs (+1 or -1).
w_ini: I-dimensional vector which is the initial estimate of the

parameter vector that corresponds to the separating
hyperplane.

rho:  the learning rate parameter for the perceptron algorithm.

OUTPUT ARGUMENTS:

w: the final estimate of the parameter vector.
iter:  the number of iterations required for the convergence of the
algorithm.

mis_clas: number of misclassified data vectors.




Variable-Increment Perceptron with Margin

AHMOKPITEIO MANENIZTHMIO ©PAKHZ

» Xpnoomotovpe to. ostypata Eva KOs popd kot d10pOdvovLE TO
Siavvopa Bapdv ark) GTav 10 ECMOTEPIKO YIVOUEVO TOV UE TO deiypa p* eivon
LKPOTEPO 0md Kamolo Tpokabopiopuévo Oetikd 6pro b: alk)y*< b.

» Av smmh£ov, ¥pPNGILOTOMGOLLLE Eva uetoPoirduevo Prua ik, tote
TPOKVTTEL O UAYOPIOLOC:

AAvopLBuoc 5. Variable-Increment Perceptron w. Margin

1
2

3
4
5
6

bagin initialize a, threshold &6, margin b, n{(0), k=0

do k € (k+1) mod n
if a'y“<b, then a € a + n(k)y"
until a‘y*>b for all k

return a
d

m "2 k
YuvOnikeg Zoykhiong: ‘r](k)z 0, lim Z‘r](k)=oo, lim =] ( ) - ()

m—sen = f—san (Z:':zln (k))z
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MeBodol XaAapwaong (Relaxation Procedures X

» Xuvaptnon kpinpiov:

Jr (a) T E

3

yey

'y -]

v

omou V(@) sivor 1o ohVOo TV Serypdtwy Yo To ontola @y<b.

S Av o M) civor %evo, 16te | (a)=0. H [ (a) Sev eivol moTé vt xon

:,_LT]IBE‘-JEEETFIL oy oLl _U.-:'}w:a oLy :{ﬁh’? YLt OI TO! 85%;;15&05 EHT[EI’.EF)EUGT]_C.

Q} To &r:iwucrpr:t wAloswY sivot:

VJ (a)= [‘2{’: } -

v—bh
> AV 2y

=

S Avadpopwd oyéon: a(k+1)=a(k)+n(k) z

yevYy

bh—a' y
N
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Batch Relaxation with Margin

AAlyopLBpog 6. Batch Relaxation with Margin

1 begininitialize a, margin b, n(0), k=0

2 do k € (k+1) mod n |

3 Y=l T @)=22,
4 =0

5 do j € j+1
& if a‘y*<b, then append y’ to V,
7

until j=n

h—a'y
Iy|

g A< a+mn (EJZFE?

G until }i={}
10 return a
11 end

y

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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Duda Matlab Software

>T0 AoyIopikO Twv Stork and Yom-Tov nou avTioTolxei oTo BIBAio Tou Duda XpnoidonolgiTal n
ovopuaacia

patterns: Eival eva d by n nivakac nou nepiéxel Ta dedopeva, onou d ival n didoTaon Twv
OeDOHEVWV KAl N O GUVOAIKOC apIBOC TOUG

targets: €ival &va 1 by n diGvuopa nou NEPIEXEI TIG KATNYOPIEC OTIC OMOIEG AVAKOUV Td
dedopéva nou €ival oTov nivaka pattern

Napadeiypa: patterns=[ 0.1 0.2 2.1 3.2 -0.0; 2.1 3.2 1.2 5.1 3.1; 0.2 0.4 0.5 1.3 2.2]
targets=[ 1101 10]
gival 5 d0edopEVa PE 3 CUVIOTWOEG KAl TA OMoia KATnyopIonolouvTal o€ 2 KAAOEIC

>T0 AoyIopIkO Tou Stork and Yom-Tov Ta dedopeva au&avovTtal kata pia didoTaon HEoa oTnv
ouvapTnon, kabwc kal To apxiko diavuopa Bapwv AauBaveral o HEOOG OPOC TWV
OedopEVWV VW o1 KAAGoeIC €ival o1 0 kar 1 (Mkpakng -1 kai 1)

O Mikpaknc 6Tav dnuioupyei To Y dev aAAalel npoonua ala Balel os -1 To label TG KAGoNC.
Enionc Mkpakng Y'=Y Duda.
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Batch Relaxation with Margin

function [test_targets, a] = Relaxation_BM(train_patterns,
train_targets, test_patterns, params)

% From DUDA, Hart, Stork

%Classify using the batch relaxation with margin algorithm
% Inputs:

% train_patterns - Train patterns

% train_targets - Train targets

% test_patterns - Test patterns

% params - [Max iter, Margin, Convergence rate]
%

% Outputs

% test targets - Predicted targets

% a - Classifier weights

%

% NOTE: Works for only two classes.

[c, n] = size(train_patterns);

[Max_iter, b, eta] = process_params(params);

% generate Y data by aygmenting the X data (patterns) by 1 /CC
y = [train_patterns ; ones(1,n)];

train_zero = find(train_targets == 0);

%Preprocessing
processed_patterns =vy;
processed_patterns(:,train_zero) = -processed_patterns(:,train_zero);

%lnitial weights

a = sum(processed_patterns')’;
iter =0;

Yk =[1L;

while (~isempty(Yk) & (iter < Max_iter))
iter = iter + 1;

%If a'y_j <= b then append y j to Yk
Yk =[I;
for k = 1:n,
if (a™*processed_patterns(:,k) <= b),
Yk = [Yk k];
end
end

if isempty(Yk),
break
end

% a <- a + eta*sum((b-w*YK)/||YK]||*Yk)

grad = (b-a"*y(:, Yk))./sum(y(:,Yk).~2);
update = sum(((ones(c+1,1)*grad).*y(:,Yk))")’;
a = a + eta * update;

end

if (iter == Max_iter),

disp(['Maximum iteration (' num2str(Max_iter) ") reached’]);
end
%oClassify test patterns

test_targets = a'*[test_patterns; ones(1, size(test_patterns,2))] > 0;




AHMOKPITEIO MANEMIZTHMIO ©OPAKHZ

Mapadeiyua Batch Perceptron

Example 2.2.1 "Introduction to Pattern Recognition: A MATLAB Approach®™ S. Theodoridis, A. Pikrakis, K. Koutroumbas, D. Cavouras

close(‘all’);
clear

rand('seed’,1);

% Generate the dataset X1 as well as the vector containing the class labels of
% the points in X1

N=[100 100]; % 100 vectors per class

I=2; % Dimensionality of the input space ask

x=[3 3]; ar

% x=[2 2]'; for X2 35k

% x=[0 2]'; for X3

% x=[1 1]'; for X4 3
25

X1=[2*rand(l,N(1)) 2*rand(l,N(2))+x*ones(1,N(2))]; L

X1=[X1; ones(1,sum(N))1;

yl1=[-ones(1,N(1)) ones(1,N(2))1; 15p

1«

% 1. Plot X1, where points of different classes are denoted by different colors,

figure(1), plot(X1(1,y1==1),X1(2,y1==1),'bo',... 0.5

X1(1,y1l==-1),X1(2,y1==-1),'r.")

figure(1), axis equal

hold on; axis(axis);

% 2. Run the perceptron algorithm for X1 with learning parameter 0.01
rho=0.02; % Learning rate

w_ini=[1 1 -.5]’;

[w,iter,mis_clas]=perce(X1,yl,w_ini,rho) % this is the basic routine
% [w,iter,mis_clas]=perce_with_plot(X1,y1l,w_ini,rho) %to see all lines
XL=[0 -w(3)/w(1)]; YL=[-w(3)/w(2) 0]; plot(XL,YL, 'r'); hold off ; %plot the final line CC

% ZekIvnoTe ano OIAPOPETIKO APXIKO OnuEio, P dIaPOpPETIKA OeOOUEVA, e DIAPOPETIKEG NAPAPETPOUC KAl OXOAIGOTE TA ANOTEAEOUATA
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% 1. Plot X1, where points of different classes are denoted by different colors,

figure(1), plot(X1(1,y1l==1),X1(2,yl==1),'bo’,...
X1(1,yl==-1),X1(2,yl==-1),r.")

figure(1), axis equal

hold on; axis(axis);

%CC

% 2. Run the perceptron algorithm for X1 with learning parameter 0.02

rho=0.02; % Learning rate
w_ini=[1 1 -.5]";
[w,iter,mis_clas]=perce_online(X1,y1l,w_ini,rho)

XL=[0 -w(3)/w(1)]; YL=[-w(3)/w(2) 0]; plot(XL,YL, 'r'); hold off ;

% We load data from Duda

load clouds; [c n]=size(patterns);
X1=[patterns; ones(1, n)];
yl=2*targets-1;

figure(1), plot(X1(1,y1==1),X1(2,y1==1),'bo',...
X1(1,y1==-1),X1(2,yl==-1),'r.")

figure(1), axis equal

hold on; axis(axis);

%CC

% converts to 3d by adding 1
% set the classes to 1 and -1 from 1 and O

%CC

% 2. Run the perceptron algorithm for X1 with learning parameter 0.01

rho=0.01; % Learning rate
w_ini=[1 1 -.5]’;
[w,iter,mis_clas]=perce_online(X1,y1,w_ini,rho)

XL=[0 -w(3)/w(1)]; YL=[-w(3)/w(2) 0]; plot(XL,YL, 'r'); hold off ;

perror=mis_clas/n

%CC

4.5

4

3.5

3

25

2

15

1

0.5

W =1[0.2733 0.3275
Iter=400, err=0

W =[-0.0113 -0.0092 0.010]"
Iter=107, no converge, perr=0.35
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Batch relaxation with margin

% Example 2.2.1a
% Simulates the Duda Batch relaxation with margin &5.6.3 i i i @ (0 '

close(‘all’); clear 45 § 05E0 %6%8
rand(‘seed',1); Al S 6” 8”0 ©
% Generate the dataset X1 as well as the vector containing the class labels of the points in X1

N=[100 100]; % 100 vectors per class 35r

I=2; % Dimensionality of the input space 3k ©
x=[3 3]}

% x=[2 2]'; for X2 % x=[0 2]'; for X3 % x=[1 1]'; for X4 25

X1=[2*rand(I,N(1)) 2*rand(I,N(2))+x*ones(1,N(2))];
yl=[zeros(1,N(1)) ones(1,N(2))]; %assigns 0 and 1 for the classes 1ar

% or read CLOUDS
% load clouds; X1=patterns; yl=targets;

% 1. Plot X1, where points of different classes are denoted by different colors,
figure(1), plot(X1(1,y1==1),X1(2,y1==1),'bo',...
X1(1,y1==0),X1(2,y1==0),r.")

figure(1), axis equal

hold on; axis(axis);

% 2. Run the perceptron algorithm for X1 with learning parameter 0.01
params=[5 0.1 0.001]; % params=[Max iter, Margin, Convergence rate]

[test_targets, w] = Relaxation_BM(X1, y1, X1, params); w

XL=[0 -w(3)/w(1)] ; YL=[-w(3)/w(2) 0]; plot(XL,YL, 'y'); hold off ;
[c n]=size(test_targets); perror=sum(abs(test_targets-y1))/n

W = [-1,742 -1.5957 1.000]"
perr=0.29
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Single-Sample Relaxation with Margin

AlyépLBpog 7. Single-Sample Relaxation with Margin
1 begin initialize a, margin b, n(0d), k=0

2 do k € (k+1) mod n
- b-a'y"
3 if a'y*<b, then a<«a+n(k)—y

& 2
4  until a‘y*>b for all y¥* HJ’ H

5 return a
A end

Ze kaBe Brpa, To diavuopa Bapwv afk),
HETaTonileTal npoc To unepeninedo a'y*=>b kara £va
nocoaTo, (k) TS andaTaonc Tou, k), and auro.

n(k)<1 = underrelaxation
n(k)>1 = overrelaxation
O<nik)<2 yia ouykhan

TuAua HAekTpoAOywv Mnxavikwv & Mnxavikwv YNoAoyioTwv
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i Mn Alaxwpioipec Katnyopiec

= O nponyoupevol ahyopiBuol Baciovrar oTnv unobeon OTI Ol
KaTNYyOopPIieC €ival ypapuIka dlaxwpiolued.

= AMAG akopa kal €av TO Otiyya eknaidsuong €ival  ypaupika
dlaxwpiolgo autdo  Oev  eyyudTal  KaArl  OUMMEPIPOPA  OTNV
NpayuaTikoTnTa

MNQz OA 2YMIEPIOEPONTAI >E MH T[PAMMIKA AIAXQPIZIMEZ
KATHIOPIEX

AG BaAhhoupe OAa Ta dedopeva e eva margin a'y.-b, > 0

Kal ac NpoonadnooulE va EAAXICTONOINCOUME HiIa ouvapTnon KPITnpiou
nou BaocileTal oTa eAaxioTa TETpaywva -=>

MeBodo EAaxioTwv TeETpaywvwy

TuAua HAekTpoAOywv Mnxavikwv & Mnxavikwv YNoAoyioTwv 15
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MeBodol EAaxioTwv TeTpaywvwyv
(Minimum Square Error — MSE)

» Xtoyoc: Koin amddoon 1060 GTIC YPUULIKE Oy mpicIec 0G0 Kol GTIC [T

YPOULKA 010 0PIGIUES TEPITTMOOELC.

» llbg: Kpuripro mov meprrapfPavel 6io ta tpdtuma. Emiong,

Y Ilpiv: Bpec a étor ote 2y>0 yo xdbe mpdTLTO ¥,
T Twpo: Bpeg a étot wote @'y =06, yo xable mtpdtuno y. (b, Betnéc otabepec).

» Aniaon: Metatpémovpe 10 TpOPAnia eTiAVGTC EVOG GUVOAOD YPUULIKMDY

QVIGOTNTOV GE TPOPANUA ETTAVONS YPULUUIKOV EEIGHGEMV.,
2vufoicuot:

I
¥ b, 0
!
Y, b, 4
YHKE:" - : bnxl - : a.::"xl o
Mivakac MpoTunwv y" Alavuopa BETIK@V b Aiavuopa Bapov a,
| LY i napapéTpwv i | - -

[Ipopinua: Evpeon a étormote: Ya=b.

TuAua HAekTpoAOywv Mnxavikwv & Mnxavikwv YNoAoyioTwv 16
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MeBodol EAaxioTwv TeTpaywvwyv
(Minimum Square Error — MSE)

» Xovlmg n>d+ 1, meprocOTEPO TPOTLTA UTO OIUGTACELS = CUOTI|LA
VIEPTPOGOLOPIGHEVO, OEV ExEL akpiIfiny o).

» Emounévmg: Eloyiotomoinen Tov TETpay®@von Tov HKOUS TOV dovIGUOTOG
opaipatoc, e=Ya-b:

J,@)=[Va-b[' = (a'y, -5,

i=l

» Khooowo Tpofinua:

VJS(a) —0=YYa=YD Kavoviric EEIgg0eIC

» Avo Y'Y eival opohoc,

a= (Y'Y)'Y'b

YELSOUVTITTPOYOG

Eav o ¥TY dev givar opardc, Sn. 1YY =0, ndnempolBénooue pio

ukpn nabepd e {nnv doydVIo Ko ETOGLE 0%MATLAB
T 17 [M,N]=size(Y);
a= (Y Y + el) Y'b a=inv(Y*Y+e*eye(M))*(Y*b);

TuAua HAekTpoAOywv Mnxavikwv & Mnxavikwv YNoAoyioTwv 17
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XpnoliJonoinoe Ta nponyoupeva dedopeva kai diaxwploe Ta Pe MSE

T T T g(f%o%
45 [e o))
e %
4 %o
% Example 2.3.1cc By C. Chamzas for LSE i %00
=0 &
............... o
N1=100; N2=100; N=N1+N2; % N1 vectors from class 1 and N2 vectors from class 2 3r oo
I=2; % Dimensionality of the input space 25k
x=[3 3]’;
2 . . .

X1=[2*rand(I,N1) 2*rand(l,N2)+x*ones(1,N2)]; 151 ;’;:'_" IO
y1=[-ones(1,N1) ones(1,N2)]; Al et .: Ve

Ak P
% OR We load data from Duda (uncomment the 3 next lines osr ,-': I
% load clouds; [c N]=size(patterns); P - ; -
% X1=patterns; W = [-0.22 -0.18 1.00]"
% yl=2*targets-1; % set the classes to 1 and -1 from 1 and O perr=0.
% 1. Plot X1, where points of different classes are denoted by different colors,
figure(1), plot(X1(1,y1==1),X1(2,y1==1),'bo',... — T
X1(1,yl==-1),X1(2,yl==-1),"r.") al
figure(1), axis equal
hold on; axis(axis); 3r

% 2. Augment the data vectors of X1 by adding 1 at the END

Y=[X1; ones(1,N)]; ir
% instead of negating the Y data of class 1, we negate the constants b ol
b=y1;

1 OO
% Compute the classification error of the LS classifier based on Y
[W]=SSErr(Y,b,0); 2r
SSE_out=2*(w'*Y>0)-1; ak

err_SSE=sum(SSE_out.*y1<0)/N b e
%Plot the line 5 4 3 o -

XL=[0 -w(3)/w(1)] ; YL=[-w(3)/w(2) 0]; plot(XL,YL, 'r"); hold off ; W = (5-2.598 -0.99 1.00]7
perr=0.

TuAua HAekTpoAOywv Mnxavikwv & Mnxavikwv YNoAoyioTwv 18
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Widrow-Hoff (Least Mean Squares - LMS)

» H.J (a) nnopet va ehayrotonomBel pécm avadpopukdv aryopifpmv mov dev
CLITCLLTOVV TNV UVTICTPOOT] TIVAKOV.,

» Advoopa khiceov:  VJ (a)=2Y' (Ya — b)
» Baowr avadpopkn oxéon:  a(k+1)=ak)+nk)Y’ (b — Ya(k))

»  Xpnoyomoldviag évo ostypo og ks o, mpokimtel o aiyopiOpog
Widrow-Hoff (LMS):

AAyopLOpoc B. Widrow-Hoff (LMS)
1 begin initialize a, b, kpiLtfpLo 6, N(), k=0

2 do k € (k+1) mod n
3 a -c—a+1](k)(bk —a’y‘r")yk
4 until h(k)(bk —a*y*)y*’\ 5

5 return a
& end
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MeBodoc Ho-Kashyap

To perceptron kat ot TeyVIKEC yardpmong Ppickouy dS1oympLoTiKd,
VO ILAT Popdv oV To Oelypoto, eivot ypopLikd dwympioyia, ahrd dsv
GLYKAIVOUV Y10 U1 Sy @pPioIes KAGOELS. 5Ty g

O teyvikéc ehayioTov TETpayOVOV divouy Tdva

Eva O1vuo L AVoG (VTO TOL EAUYIGTOTOLEL TO
|'Ya-bl|?) to onoio 6um¢ dev eivan amapaitna
AMYOPLoTIKO otV daympiciun nepintmon. ""/

O aiyopiOpoc Ho-Kashyap Abver avadpopukd to eENg mpofanuo
EAUY10TOTOIMGNC:

minJ (a.b)=[Ya-b[" st b>0

Eivat évag akyopiOuog mov @povtilel ®dote to b va unv cuykiivel oto 0,
Oétovtog Oheg T1g DeTikég ouvioTOoEeg ToL dtavdopatog kiiong V, J,
ioeg e To pnoév.
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i AAyopIBoc Ho-Kashyap

AhyopLOpog¢ 9. Ho-Kashyap
1 begin initialize a, b, n()<1, threshold b, k..

2 do k € (k+1) mod n

3 e € Ya-b

4 e € (etlel)/2

5 b € b + 2n(k)e’

6 a € (YY) 'Yb

7 if Abs(e)< by, then return a, b and exit

8  until k= k__,

9 print “No solution found”
10 end

Baoika Bpiokoupe npwTa To gradient descent w¢ Npog b kal HETA epapuoloupe EAAXIOTA TETPAYWVA
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i AAyop1Buoc Ho-Kashyap o Matlab

function [a, b] = Ho_Kashyap_cc(train_features, train_targets, type, while ((sum(abs(e) > b_min)>0) & (k < Max_iter) &(~found))
Max_iter, b_min, eta) k = k+1; B -
o : : e =(V"*a)-b;
% Classify using the using the Ho-Kashyap algorithm e _plus = 0.5%(e + abs(e)):
% Inputs: . b = b + 2*eta*e_plus;
% features - Train features
% targets - Train targets if (type==0),
% Type(0 Basic/1 Modified), Maximum iteration, Convergence criterion, a = pinv(Y)*b’;
Convergence rate else
% a = a + eta*pinv(Y")*e_plus’;
% Outputs end AT
% a - Classifier weights end
% b - Margin
) ) if (k == Max_iter),
[c. n] = size(train_features); disp(['No solution found']);
train_class2 = find(train_targets == -1); else
] disp(['Did ' num2str(k) " iterations'])
%Preprocessing (Needed so that b>0 for all features) end

Y = train_features;
Y(:,train_class2) = -Y(:,train_class2);

b = ones(1,n);
a = pinv(Y")*b'";
k =0;

e
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i Mapadeiypa [

% Example i3 Ho-Kashyap modified By C. Chamzas from Duda Software.

clear all;

N1=100; N2=100; N=N1+N2; % N1 vectors from class 1 and N2 vectors from class 2
I=2; % Dimensionality of the input space w T
x=[3 3]"; e %

X1=[2*rand(I,N1) 2*rand(l,N2)+x*ones(1,N2)];
y1=[-ones(1,N1) ones(1,N2)]; or :

% OR We load data from Duda (uncomment the 3 next lines -1 o 1 2 3 4 5 6
% W =[-0.21 -0.20 1.00]"

load clouds; [c N]=size(patterns); perr=0.

X1=patterns; yl=2*targets-1; % the classes are set also to 1 and -1 6
%
% 1. Plot X1, where points of different classes are denoted by different colors,
figure(1), plot(X1(1,y1==1),X1(2,y1==1),'bo',X1(1,y1==-1),X1(2,yl==-1),"r.") ar
figure(1), axis equal; hold on; XA=axis; 3t

X1=[X1;0nes(1,N)]; %increases the dimentionality of the training data by 1
[w,b]=Ho_Kashyap_cc(X1,y1, 0, 1000, 0.1, 0.01); r

% Plots the discrimination line
XL=[ XA(1) XA(2) -(w(3)+w(2)*XA(3))/w(1) -(w(3)+w(2)*XA(4))/w(D)];

YL=[-(w(3)+w(1)*XA(1))/w(2) -(W(3)+w(1)*XA(2))/w(2) XA(3) XA(4)]; 2r il
plot(XL,YL, 'k'); hold off 3k ,
%prints the classification error '47_(’3 6 :
KH_out=2*(w'*X1>0)-1;
err_KH=sum(KH_out.*y1<0)/N W = [-0.97 -1.00 1.00]"

perr=0.25
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+

» 'Ewc Twpa idaye To npopAnua povo yia 2
KaTnyopiec. TI UNOPOULE va KAVOULE £aV
£XOUUE NOAAEC KATNYOPIEC MPOTUMNWV?
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Ta&vounon MoAAanAwv KAacswv pe MSE

PEOTW Y4, «ey Yy, MPOTUNA AMO ¢>2 KAACEIG. OcAOUNE Va Bpoule eva Ta&vounTr nou
va anoTeAEiTal and YPAappIKEG ouvapTNoelg dIakpiong g,(X) =wx+w,, (uia yia kabe
kAAon), oUTWC WOTE GV X avikel oTnV i K\aon tote  9:(X)>0;(X) Vj#i , Tuvenwc oTov
£NAUENMEVO XWPO WAXVOULE Yia Ta Bapn a; WOTE €AV Yy, AQVNKEI OTNV | KAAON TOTE

a ajy, >ay, Vj#i

>Ta Tnv eniAuan Tou NpoBANKaTog cuvenwc unoAoyifoue To BEATIOTO a; WOTE va
dlaxwpilel TNV KAAon i ano OAeG TIC uNOAOINEC KAACEIC j#i .

a = (YTY)'1 b

l

Y= [Y1/ = Yol ka1 by = [by 1 k=1,...,n ka1 by =1 £av y; avnkel oTnv KAGon w, Kai by,
=-1 eav y; dev avrkel TNV KAQon w,

> 2NUEIOVETAI OTI £av dev BeAoupE va aANGEOUPE TO MPOCNKO OTA Y;, MMOPOUKE va TO
aMa€oupe oTa avtigToixa b
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Ta&vounon MoAanAwv KAacswv pe MSE

[T wa. 'EoTtw npoPAnpa Tagivounong o€ TEOOEPEIG 1coMiBaveg KAAOEIG w,,w,,w,,w, . H KAGBe kAGon
povTelonolsital e Gaussian KATAVOPEG Meowv TiHov m;=[1,1]T, m,=[5,10]", m,=[10,4]" ,
m,=[10,10]". Ta pnTpwa cuvdiacnopdg eivai
S,=[0.8 0.2;0.2 0.1], S,=[0.8 0.2;0.2 0.8], S;=[0.1 0.25;0.2 5,0.8], S,=[0.2 0.3;0.3 0.8],

'Exoupe N=10000 dedopeva kal BEAOUNE va BPoUE TIC OUVAPTNOEIC DIAKPIONG

% Example 2.3.3 CC % Next, we define matrix z1, each column of which
close(‘all’); % corresponds to a training point.
clear; z1=zeros(c,N1); z1=z1-1; % set 1 to class i and -1 to all other classes
for i=1:N1
m=[11;5 10 ; 10 4; 10 10]"; z1(y1(i),i)=1;
[I,c]=size(m); end
S1=[0.8 0.2; 0.2 0.1]; S2=[0.8 0.2; 0.2 0.8];
S3=[0.1 0.25; 0.25 0.8]; S4=[0.2 0.3; 0.3 0.8]; % Estimate the parameter vectors of the ¢ discriminant functions
S(:,:,1)=S1; S(:,:,2)=S2; S(:,:,3)=S3; S(:,:,4)=S4; w_all=[];
P=[1/4 1/4 1/4 1/4]; for i=1:c
w=SSErr(X1,z1(i,:),0);
% 1. Generate X the training set w_all=[w_all w];
N1=10000; end
randn('seed’,0) % Note: in w_all, the i-th column corresponds to the parameter vector
[X,yl]=generate_gauss_classes(m,S,P,N1); % of the i-th discriminant function.
[I,N1]=size(X); % Now plots the gi(x)
X1=[X; ones(1,N1)]; for i=1:c
w(:)=w_all(:,D);

% Plot X1 using different colors for points of different classes, XL=[ A(1) A(2) -(W(3)+w(2)*A(3))/w(1) -(w(3)+w(2)*A(4))/w(1)];
figure(1), plot(X1(1,y1==1),X1(2,yl==1),'r.,... YL=[-(w(3)+w(1)*A(1))/w(2) -(w(3)+w(1)*A(2))/w(2) A(3) A(4)];

X1(1,y1==2),X1(2,y1==2),'9.",... plot(XL,YL, 'k");

X1(1,y1==3),X1(2,y1==3),'b.",... end

X1(1,y1==4),X1(2,y1==4),'k.") % Compute the classification error using the training set X1
axis equal; hold on; axis(axis); A=axis; [vali,class_est]=max(w_all'*X1);

err=sum(class_est~=y1)/N1
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MLS Ta&vounon

% plots segmended plane and gi(x)-gj(x)
% Generate XP as a set of points covering all the plane (NPxNP grid)
NP=250;
DX=(A(2)-A(1))/(NP-1); DY=(A(4)-A(3))/(NP-1);
XP1=[A(1):DX:A(2)];XP2=[A(3):DY:A(4)];
XP=[ones(1,NP*NP);ones(1,NP*NP)];
for i=1:NP
for j=1:NP
XP(:,(i-1)*NP+j)=[XP1(i);XP2(j)1;
end
end
XP=[XP;ones(1,NP*NP)];
[vali,class_est]=max(w_all'*XP);
% plots the segmented plane
figure(2), plot(XP(1,class_est==1),XP(2,class_est==1),'y.",...
XP(1,class_est==2),XP(2,class_est==2),'m.',...
XP(1,class_est==3),XP(2,class_est==3),'c.’,...
XP(1,class_est==4),XP(2,class_est==4),'w."); axis(A);hold on;
% Now plots the gi(x)-gj(x) i<j
for i=1:c
for j=i+1:c
w(:)=w_all(:,i)-w_all(:,j);
XL=[ A(1) A(2) -(W(3)+W(2)*A(3))/w(1) -(W(3)+W(2)*A(4))/w(1)];
YL=[-(W(3)+W(1)*A(1))/w(2) -(W(3)+W(1)*A(2))/w(2) A(3) A(4)];
plot(XL,YL, 'k');

end

end

plot(X1(1,yl==1),X1(2,yl==1),T."... . - 3
X1(1,y1==2),X1(2,y1==2),'g.",... ., g,()=g,(x)
X1(1,y1==3),X1(2,y1==3),’b.",... 2 0 2 4 6 8 10 12

X1(1,y1==4) X1(2,y1==4),'k.")
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MoAAanAec KAaoeic: Aoun Tou Kesler

» Xroyoc: poppikdc Sloympiopdc TOALUTAGV KAAGEMV:

Av y~w, t0te a/y-a/y>0 yuwkabe j=2,...c.

» Av16 10 6OGTNUA TOV ¢-1 OVIGOTNTOV UTOPEL VL TEPTYPAPEL OG ECNG:
To e¢d - D &dvoopa Papov a tawvousi opbd 6ha ta ¢-1 cd — D wpodTLTIOL
Wi Nz Myt @'y, >0 YV j=2,...c¢ OmOU:

_31 | Y Y [y
. a, —¥ 0 0
cdxl . =0 N=|—¥ s" s My = Aopn Kesler
. : . 0
_aﬂ‘_ L ﬂ N i l] ] h—}r_

Y <1
» levikdtepa: @, >0 YV j=i, émov m,=| :
—y|<J
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Ta&ivounon MoAAanAwv KAaocewv Perceptro

» 'Ecto p,,..., y, TpoTLRQ 00 ¢ KAAGELS, Ypapuikd dswyopiowae. Ecto L, pio
ypappkn unyovn a,(k), ..., a k). O&rovpe vo katackevdcovpe pia akoiovbio
Yp- WX Ly, ..., Ly, ... OV va. cUYKAIvEL o pia Swyoprotikn pnyevn L.

» 'Ecto y* 10 k-616 deiypa mov (ntd 810pbwaon (cwoeth talvounon). Av yi~ o,
onuoivel OTL VEAPYEL TOVAGIGTOV Evar j #1 yia To omoto a,/(k) y*<a/(k) y*.

7 O kavovag 010pbmong tov L, (perceptron pe otabepd povadiaio Prua) Aéet:
a, (k) v i
u(k+l):u(k]+1|;. omov u*(k)‘qf} <0 pe alk)=| : Kot 'q; =| :
a (k) —y' |«
a,(k+1)=a,(k)+y" -
Anhadii; a (k+)=a (k)-y"
a(k+)=a, (k) [#i xu [#]
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‘L MNapadeiypa pe doun Kesler

% Example Kesler CC

% It uses the Statistical Toolbox for Matlab

% http://cmp.felk.cvut.cz/cmp/software/stprtool/
% modified by chamzas

close(‘all'); clear;

m=[11;510; 10 4; 10 10]";

[I,c]=size(m);

S1=[0.8 0.2; 0.2 0.1]; S2=[0.8 0.2; 0.2 0.8];
S3=[1.0 0.25; 0.25 1.8]; S4=[0.8 0.3; 0.3 1.8];
S(:,:,1)=S81; S(:,:,2)=S2; S(:,:,3)=S3; S(:,:,4)=54;
P=[1/4 1/4 1/4 1/4];

% 1. Generate X1 the training set
N1=10000;

randn('seed’,0)
[X,yl]=generate_gauss_classes(m,S,P,N1);
[I,N1]=size(X);

X1=[X; ones(1,N1)];

%--------- Multi class perceptron with KESLER structure -----------

data.X=X; data.y=yl; %puts data in format for STPRtool
options.tmax=100000; % max number of iterations
modelKESLER = mperceptron( data, options );
figure; ppatterns( data ); pboundary( modelKESLER );
% calculates the error on the trainning set
for i=1:1

w_allKESLER(i,:)=modelKESLER.W(i,:);
end
w_allKESLER(I+1,:)=modelKESLER.b';
[vali,class_est]=max(w_allKESLER'*X1);
errKESLER=sum(class_est~=y1)/N1

'Eva xpnoipo toolbook pe uhonoinoeig
NPOYPAUKATWV ZTATIOTIKNAG Kal Avayvwpiong
MpoTUNWV €ival kai To
http://cmp.felk.cvut.cz/cmp/software/stprtool/

Ta dedopeva divovtal pe Tnv doun data n
onoia €xel To data.X Me Ta npoTuna (patterns)
kal To data.y PE TIC KAAoeIC (targets)

>T0 eclass €xouv nNpooTebei oTo software Tou
Mkpakn-©€0dwpidn kal Ta anaiToupeva
apxeia ano To napanavw toolbook kabwc kal
Ta napadeiyuata Twv dlapaveiwy Tou
HaénuaToc.
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Linear Discriminants for multi class problems
MSE versus Perceptron (Kesler)
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O aAyopiBuog TUnou Perceptron
pe dopn Kelser xpelaleTal Ta
dedopeva va gival ypaupika
dlaxwpiolya. Eav dev gival TOTE 0
ahyopiBuog dev ouykAivel kai n
AUon nou Bpiokel dev eival
IKavornoINTIKA.

O1 aAyopiBuol MSE Bpiokouv Auon
o€ KGBe nepinTwon, aAAG akopa
Kal €av ol KAAOEIG €ival
dlaxwpIioIYeC n Auon nou
Bpiokouv dev €ival anapaitnTa
BEATIOTN

H npoogyyion Ho-Kashyap
npoonabei va cuvdudoel AUCEIC
Perceptron pe MSE

Tunua HAekTpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv

MSE

MpauMIKG
dlaxwpioIpES
KAQOEIG

R c r c c r c [
-2 0 2 4 6 8 10 12

KESLER

R c c L r r c c
-2 0 2 4 6 8 10 12

err= 0.003 for the training set
err= 0.0013 for a testing set

err=0 for the training set
err= 0.0007 for a testing set

MH Tpappika o

dlaxwpioIPES of
KAGQOEIC Al

141

12

10

'
14

err= 0.0300 for the training set
err= 0.0250 for a testing set

err= 0.2500 for the training set
err= 0.2520 for a testing set
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