AHMOKPITEIO MANENIZTHMIO ©GPAKHZ

Avayvwpion MNpoTunwv

>uoTnua Alavuopatwv YnooTnpiENg
(Support Vector Machine)

Xploroooudo¢ Xaudlac

7a NEPIEYOLIEVA TWV NaPOUTIATEWY MPOEPXOVTAl arlo TIC NIAPOUTIATEIC TOU avTIOTOoU JIOaKTEOU LaBniuaroc Tou kab. lMavayiwrn Toakalion, Ty. Emoriunc YroAoyiorawv, flav. Kprime kar
10U KaB. SEpyiou Godwpidn, Tunua lMAnpopopikric, MaveroTriuo ABnvayv. Baoiletar ota BiBAia: “Pattern Classification”, R.O. Duda, P.E. Hart, D.G. Stork, Wiley, 2" Ed., 2001 kai S.
Theodoridis, K. Koutroumbas, Pattern Recognition, 37 Edition, Academic Press, 2006
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i SUPPORT VECTOR MACHINE

= 'Ew¢ Twpa €idape 0TI 0TO NPOLANHA HE
LIOVO 2 KATNYOPIEC Ol OMOIEC €ival YPAUMIKA
OIAXWPICIMEC UNOPOUKE VA EXOULE NMOAANOUC
YPAUUIKOUC Ta&ivounTeC nou va Ywpilouv
Ta OUO OUVOAQ.
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AHMOKPITEIO MNMANEMIZTHMIO ©OPAKHZ
MpOoPANUAa PE 2 KATNYOPIEC:
MepinTwon YpauuIka Sl1axwpicidwy KaTnyopiwy

= YNapxouv noAAoi

o Class 2 KaTaAAnAol YpauuIKoI
. © Ta&IVOUNTEC
O © o " [Moiov va diaAe€oupe?
O . o [Molo¢ €ival 0 KAAUTEPOG?
E =
— 0
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Mapadeiyua Kakwv TagivounTwy
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KaAoc Ta&ivountncg: To ouvopo Npenel va
anexel NoAU ano Ta 0edopeva

0 ouvopo nou dlaxwpilel TIC KATNYOPIEC, MPENEI va €ival 000 To duvaTov
Mo Jakpua ano ta 6edopeva
= [penel cuvenwc va PEYIOTOMNOINOOUKE To NepiBwplo (margin), m

= Kavovikonoloupe Tnv g(Xx) €Tol woTe g(X)=1 0TO NANCIECTEPO ONMEIO TNG
K)\c'lgnq 2 kal g(x)=-1 oTo NANGCIEOTEPO ONKEIO TNE KAAonG 1

e : 2
margin m=-—
Wi

0"’ O
] ® Class 2
N
w W X+W, =1
]
Class 1

g(X)=w'x+w, =0
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SUPPORT VECTOR MACHINES
(Mnxavec Aiavuouarikng 21rpiénc)

= 2TOYOC: Eav exoupe, OUO KATNYOPIEC NOU €ival YpAuUMIKaA
dlaxwpioIUECG , va Bpeic TNV ouvapTnon dIakpIonG
g(X)=w' X+Ww, =0
= N OMNoia apnVvel TNV HYEYIOTN anooaTaon, NepiBwplo, (maximum
margin) kai ano TI¢ duo kaTtnyopiec (from both classes)

direction 2

x
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+

Margin (Mep1Bapio) : KaBe unepeninedo G(X) = W' X + W,
xapaktnpileral ano
= TNV kaTteuBbuvan (kAion) oTo Xwpo onA. W
= Tnv Beon Tou oTov Xwpo, dnA. W,
= [Na KAGE kaTteuBuvon OIaAeEE ekeEiVO TO
unepeninedo To onoio aneyxel Tnv IAIA
anooTacn ano Ta NANCIECTEPA onuEia KaBe
KAQONC.

= To nepiBwpio (margin) €ival dINAGoI0 auTnC
TNC anooTacnc.
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= H anooTtaon evoc onueiou ano To unepeninedo SiveTal ano

= Kavovikonoinoe Ta, w Kkal w, €£TOl WOTE OTA NANCIECTEPA
dsdopeva kar ano TIC OUO KATNYopiec, n ouvapTnon
dlaxwplopou va AapBavel TiG TINEC +1:
lg(x)| =1 {g(x) = +1for e, and g(x) = —1for w, }

= 2UVENWC TO nepIBwpio (margin) diveTar ano
1 1 2

= + =
i w

= Eniong 1oxvel ot

W'X+W,>1 VXean
WX +w, <-1 VX € w,
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To yadnuaTtiko NnpoBAnuUa

= SVM (YpappIkoc) Ta&ivountng
g(x) =W' X +W,
=« EAaxioTonoinoe
1 2
3 (w) =
= Mg TOV nNEPIOPICUO
V(W' X +w) =1, i=12,....N

y, =1,for X, € w,,
y. =—1,for x. € w,

= AUTO IOXUEI ENsIAn eAaxioTonolwvTac 1o ||w]|

TO NEPIBWPIO ﬁ YIVETQAI JEYIOTO
W
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To nponyouUpevo €ival eva npoBAnua quadratic optimization task UNOKEiPEVO O€
£va oUVOAO YPAMMIKWV avioOTNTIKWV Neplopiopwy. O1 ouvenkeg Karush-Kuhh-
Tucker, dnAwvouv OTI N BeEATIOTN Auon ( the minimizer ) IKAvonolEi :

D L Lww,2)=0
ow

@ o Lww,a) =0

0

(3) ai > O, i :1,2,..., N

4) @« [yi(WTxi +W,) —1]: 0,i=12,.., N

Onou  L(.,.,.) sivai n Lagrangian

L, ,2) = 2w D[y, (W + )]
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H AUon: ano Ta nponyoupeva NPOKUNTEI

TuRua HAekTpoAOywv Mnxavikwv & Mnxavikwv YNoAoyioTmv 11
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2XOAIQ.

[MoAAoi ano Toug Lagrange multipliers a.=0, €ival pndev.
= W Eival YPaPuIKOC auvduaopoc Aiywv Oe00UEVWV

Ns
W= Zai YiXi
i1

= JE N.<N, , va avTioTolxel oTouG O¢cTikoug Lagrange

s —

multipliers. Ta diavuopata auta ovopalovTal support vectors

= AnO TO NEPIOPIOHO (4) EXOUNE.,

o[y, (W x. +W,)-1]=0, i=12,..,N

= Apa yia Ta diavuopaTta auta (SV) Nou CUVEICPEPOUV OTO W, EXOUME

WTXi+WO:i1 i:1121"'1Ns (4)
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Ta diavuopata auta eival yvwotra oav AIANYZMATA 3THPIZHZ
(SUPPORT VECTORS) kai €ival Ta nAnoiectepa diavuopara
(6edopeva), ano kabe kaTnyopia oTov Ta&ivounTn.

A@OoU unoAoyiooupE TO W, unoAoyiOUPE PETA TO W, ano Tnv (4).
Ta AiavUopaTta ZpiEnc (dedopeva), T0G0 oTNV knaidsucn 000 Kal
OTOV EAEYXO, E€I0EPXOVTAl PEOA aMNO E0WTEPIKA YIVOPEVA <X y=>.
AUTO €ival oNUAavTiko oTnV Yevikeuon Twv SVM

To unepeninedo Tou TA&IVOUNTr NMou BpPIOKOUME and Mia support
vector machine sivar MONAAIKO.

Map’ oMo OTI n Auon €ivalr povadikn, ol Lagrange multipliers AEN
EINAL.
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i Mia TEQMETPIKH EPMHNEIA

t Class 2 SUVEN®C, €AV

" aAa&oupe Ta
onueia oTov
£EWTEPIKO XWPO
(a=0) Ta
diavuopuaTa
a,=0  ompiEng
NapaPEVouV
avaA\oiwTa.

o"‘. T
~, WX+ W, =1

v

— W'X+w,=0
w'X +w, = -1
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= H popon Twv SVM gival eva npofAnua ypappikou
NPOYPAUUATIONOU OE KUPTEC ENIPAVEIEC, UE
KupTn enipaveia KOOToug
KupTn neploxn enTpenTwv AUCEWV
= 2UVENWC N AUoN pnopei va BpeBei pe Tnv eniluon Tou
duadikou npoBAnuaroc, dnAadn,

Meyiotonoinoe L(W,W,,a) wcnpoc «

Me TOUC NEPIOPICHOUC

W:iaiyixi iaiyi =0 ¢ 20
izl i1

Tunua HAekTpoAdywv Mnxavikwv & Mnxavikwv YRoAoyioTwv 15
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¥

= 2UvOualovTac Ta NPONYOUHEVA EXOUME

T

N
- 1
= maximize (2 @ =50, @@ iy X X))
a i= i

= subject to 2. =0

Tunua HAekTpoAdywv Mnxavikwv & Mnxavikwv YRoAoyioTwv 16
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Kar eav dev €ival ypapuika d1axwpICIHEC
KaTnyopiec?

= Enitpenoupe eva Aabog & otnv Ta&ivopnon

Class 2
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Mn YPAuUIKG OIaXwpICIHEC KATNYOPIEC

= 2TNV NEPINTWon auTtn Ogv UNAapxel UNEPENINEdO W ETOI WOTE
T
W X+ W,(><)1, VX

= 2NUEIWVETAl OTI TO NEPIOWPIO £XEI OPIOCOEi oav Tnv anooTaon

avapeoa oTa 2 unepenineda
w' X+ w, =1
+ = -1

>xOANia: Map’ 0Ao OTI N AUon, w., eival MONAAIKH, o1 noAAanAaciaoTeg
Lagrange AEN EINAI
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Mn YPAuUIKG OIaXwpICIHEC KATNYOPIEC

= Ta diavuopaTa eknaideucn avnKouv O€ Wia ano TIC TPEIC
MBavec KaTnyopieC

= A. Alavuopata €€w ano Tnv Awpida kal Ta onoia
Ta&ivopouvTtal owotd, dnAadn

y,(w' x+w,)>1

= B. AlavUuopata peoca otnv Awpida Ta onoia
Ta&ivopouvTtal nNaAl cwoTtda, dnAaodn

T
0<y(w x+w,)<1
= C. Alavuopata AaBoc Ta&ivounueva, dnAaon

yi(ﬂTl"‘ w,) <0

Tunua HAekTpoAdywv Mnxavikwv & Mnxavikwv YRoAoyioTwv 19



AHMOKPITEIO MANENIZTHMIO ©PAKHZ

i Mn ypaupIka SIaxwpiCIPEC KATNYOPIEC %5

= Ol TPEIC AUTEC KATNYOPIEC NNOPOUE va TIG

YPAWOULE
Yi (V_VTX‘F W) =1-¢
A. —¢ =0
B. —»0<¢<1
C. —-51<¢

Ta & eival yvwoTa oav slack petaBAnTeg

Tunua HAekTpoAdywv Mnxavikwv & Mnxavikwv YRoAoyioTwv 20



Mn YPAuUIKG OIaXwpICIHEC KATNYOPIEC

AHMOKPITEIO MANENIZTHMIO ©PAKHZ

Twpa npenel va BeATioTonoinooupe duo (2) heyedn

MeyIOTOMOINCOUKE TO NEPIBWPIO

Kar va eAayioTonoinooupe Twv apiBuo Twv NPoTUNwV yia Ta
ornoia & >0

AnAadn , N
J(W, Wy, &) ==[w| +C > 1(&)
i=1
onou To C €ival pyia otabepa 1 £>0
1(&) = {O | _
;=0

1(.) Oev eival napaywyicipo. ZTnv npagn, onwg Kavaye Kal
yld Ta perceptron, XpnOoIJOMNOIOUKE TNV NMPOCEYYION

w5, £) = w4 CY

AkoAouBwvTag Tnv idia diadikacia Pe TNV NPONYOUHEVN
NEPINTWON, NAIPVOUUE

Tunua HAekTpoAdywv Mnxavikwv & Mnxavikwv YRoAoyioTwv 21
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= KKT guvOnkeg

1) V_V:ZN:j“iini

(2) Zj“iyi =0
3) C—p—4=0,i=12,.,N
(4) ALy, (W' X, +W)-1+&]1=0, i=12,.,N

(5) & =0, 1=12,...,N
6) 1,4 20, 1=12,..,N

Tunua HAekTpoAdywv Mnxavikwv & Mnxavikwv YRoAoyioTwv 22
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Mn YPAuUIKG OIaXwpICIHEC KATNYOPIEC

= To avTioToixo duadiko nNpoBAnua civai

0<¢g <C,1=12,...,N

iai y; =0
i—1

= 2XOAIO:
H povn dla@opd YE TNV YPAuHIKa diaxwpioiyn NEPINTwaon ivai n
unap&n Tng otabepac C oTouc NEPIOPIGHOUC

Tunua HAekTpoAdywv Mnxavikwv & Mnxavikwv YRoAoyioTwv
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Mn ypapuiKoi Ta&IVOUNTEC UE MNXAVEG
dlavuouaTiknG oTNPIENC

Tunua HAekTpoAdywv Mnxavikwv & Mnxavikwv YRoAoyioTwv 24
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| Extension to Non-linear Decision

Boundary

= Key idea: transform Xx; to a higher dimensional
space to “make life easier”
= Input space: the space Xx; are Iin
= Feature space: the space of ¢(x;) after transformation

= Why transform?

= Linear operation in the feature space is equivalent to
non-linear operation in input space

= The classification task can be “easier” with a proper
transformation. Example: XOR
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Extension to Non-linear Decision Boundary

= Possible problem of the transformation
= High computation burden and hard to get a good estimate

= SVM solves these two issues simultaneously
= Kernel tricks for efficient computation
= Minimize ||wl]|? can lead to a “good” classifier

v

Input space Feature space



i Example Transformation

AHMOKPITEIO MANENIZTHMIO ©PAKHZ

s Define the kernel function K (x,y) as 5
K(x,y) =1+ z1y1 + zoy2)

= Consider the following transformation

o(
o (

ey

T2
o
_y2_

) — (17 \/§$1, \/52132,5(1%,33%, \/5171562)
) = (1,V2y1,V2u2,9%, 43, V2uy12)

(@[55 ), ([ 13 ])) = (1 + 2191 + 22y2)?

]

— K(,Xa y) ) Jjoing

through th'e map ¢(.)
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i Kernel Trick

The relationship between the kernel function K'and the
mapping (|>( ) IS

K(x,y) = (¢(x),o(y))

= This is known as the kernel trick
= In practice, we specify K, thereby specifying ¢(.) indirectly,
Instead of choosing ¢(.)

= Intuitively, K (X,y) represents our desired notion of similarity
between data X and y and this is from our prior knowledge

= K (X,y) needs to satisfy a technical condition (Mercer
condition) in order for ¢(.) to exist
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i Examples of Kernel Functions

Polynomial kernel with degree d

K(x,y) = (xly +1)¢
Radial basis function kernel with width o
K(x,y) = exp(—||x — y|[2/(20?))
= Closely related to radial basis function neural networks
Sigmoid with parameter « and 6
K(x,y) = tanh(kx!y 4+ 0)
= It does not satisfy the Mercer condition on all k and 6

Research on different kernel functions in different
applications is very active




AHMOKPITEIO MANENIZTHMIO ©PAKHZ

Example of SVM Applications: HandwrifiQ
Recognition

output v k(X x)+ b

wetghts

dot product (®(x)-P(x ))=k{x,x)

mapped vectors ®(x), P(x)

support vectors X, ... X,

test vector x
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i Modification Due to Kernel FunctioP®R

= Change all inner products to kernel functions
= For trainina.

n n
max. W(a) = 2, O"'J_% Do oYY X
Original =1 i=1,j=1
subject to C' > a; >0, > oy; =0
i=1
mn 1 1)
With kernel 112 V(@) = ;1 O‘i—gi:%:l iy K (i, %)
function

T
subject to C' > a; >0, > oy; =0
i=1
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i Modification Due to Kernel FunctioP®R

= For testing, the new data z is classified as class
11f 730, and as class 2 if £<O
8

W — Z Odt-yt.Xt.
Original 3—1

f—w zZ+ b= Zaty}gxtz—l—b
j=1

W = Za’tytf)b(xt)

With kernel j=
function = (w, «;é(z)) +b= Z at .yt K (xt;,2) + b

3_
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i Example

= Suppose we have 5 1D data points

s X;=1, X,=2, X53=4, X,=5, X:=6, with 1, 2, 6 as class 1
and 4, 5 as class 2 = y,=1, y,=1, y,=-1, y,=-1, y.=1

= We use the polynomial kernel of degree 2

= K(X,y) = (xy+1)?
= Cissetto 100

= We first find o (/'—1 5) by
Z o — = Z Z g _]y?,yj(aj’& 1)2

z—l 1=1

subject to 100 > a; > 0, )  a;y; =0
i=1
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Example

= By using a QP solver, we get
= a,=0, a,=2.5, 03=0, 0,=7.333, a;=4.833
= Note that the constraints are indeed satisfied
= The support vectors are {x,=2, X,=5, X;=6}
= The discriminant function is
fy) =2.5(1)(2y + 1)% 4+ 7.333(-1)(5y + 1) + 4.833(1)(6y + 1) + b
= 0.6667x° — 5.333z + b
= b Is recovered by solving f(2)=1 or by f(5)=-1 or by f(6)=1,
as x,, x,, x; lie on vi(w' ¢(2) +b) = 1 and all give b=9

=) f(y)=0.6667x2—5.3332z 49
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Example

Value of discriminant function

class 1 - class 2 class 1

X X O O/ x
12N\ 3 s



AHMOKPITEIO MANENIZTHMIO ©PAKHZ

i Multi-class Classification

SVM is basically a two-class classifier

One can change the QP formulation to allow multi-class
classification

More commonly, the data set is divided into two parts
“Intelligently” in different ways and a separate SVM is
trained for each way of division

Multi-class classification is done by combining the output
of all the SVM classifiers

= Majority rule

= Error correcting code

= Directed acyclic graph
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i Software

A list of SVM implementation can be found at
http.//www.kernel machines.org/software.html

= Some implementation (such as LIBSVM) can handle
multi-class classification

= SVMLight is among one of the earliest implementation of
SVM

s Several Matlab toolboxes for SVM are also available
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i Summary: Steps for Classificati ;

= Prepare the pattern matrix
s Select the kernel function to use

= Select the parameter of the kernel function and the value
of C

= You can use the values suggested by the SVM software, or you
can set apart a validation set to determine the values of the
parameter

= Execute the training algorithm and obtain the o,

= Unseen data can be classified using the o; and the
support vectors
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‘L Demonstration

= Iris data set
= Class 1 and class 3 are “merged” in this demo
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Strengths and Weaknesses of SVM

= Strengths

= Training is relatively easy
= No local optimal, unlike in neural networks

= It scales relatively well to high dimensional data

= Tradeoff between classifier complexity and error can be

controlled explicitly
Non-traditional data like strings and trees can be used as input

to SVM, instead of feature vectors

= Weaknesses
= Need a “good” kernel function
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Epsilon Support Vector Regression
(e-SVR)

= Linear regression in feature space

= Unlike In least square regression, the error function is &-
Insensitive loss function
= Intuitively, mistake less than ¢ is ignored

= This leads to sparsity similar to SVM

e-Insensitive loss function

y

 Penalty

Value off

» target

Square loss function

4

 Penalty

Value off
ta=rget
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Epsilon Support Vector Regression
(e-SVR)

= Given: a data set {x,, ..., X,} with target values {u,, ...,
u.}, we want to do e-SVR

= The optimization problem is
.1 "
Min —f[w]|* +C 3 (& + &)
i=1
(u; —wix; —b<e+¢
subject to {wix; +b—u; <e+ &
& >0, >0

= Similar to SVM, this can be solved as a quadratic
programming problem
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Epsilon Support Vector Regression
(e-SVR)

Cis a parameter to control the amount of influence of
the error

The 22||w]|]|? term serves as controlling the complexity of
the regression function

= This is similar to ridge regression

After training (solving the QP), we get values of o, and
o, which are both zero if x; does not contribute to the
error function

For a new data z,

f(2) = Y (a, — af K (xt;2) + b

7=1
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i Other Types of Kernel Methods

= A lesson learnt in SVM: a linear algorithm in the
feature space Is equivalent to a non-linear
algorithm in the input space

= Classic linear algorithms can be generalized to its
non-linear version by going to the feature space

= Kernel principal component analysis, kernel
Independent component analysis, kernel canonical

correlation analysis, kernel k-means, 1-class SVM are
some examples
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i SVM vs. Neural Networks

SVM = Neural Networks
o Relatively new concept = Generalizes well but
o Nice Generalization doesn’t have
properties mathematical foundation
o Hard to learn — learned in = Can easily be learnt in
batch modes using QP iIncremental fashion
techniques = To learn complex

o Using kernels can learn
very complex functions

function — use complex
multi layer structure.
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i Conclusion

= SVM Is a useful alternative to neural networks
for classification

= Two key concepts of SVM: maximize the margin
and the kernel trick

= Many active research is taking place on areas
related to SVM

= Many SVM implementations are available on the
web for you to try on your data set!
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i Resources L

s http://www.kernel-machines.org/
s http://www.support-vector.net/
s http://www.support-vector.net/icml-tutorial.pdf

= http://www.kernel-machines.org/papers/tutorial-
Nips.ps.qQz

= http://www.clopinet.com/isabelle/Projects/SVM/a
pplist.html




