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Xwpoc AsiypaTtwy - M'eyovoTta

= Agiyua
= TO ANOTEAECA EVOC TUXAIOU NEIPANATOC

= XWpoG OelyuaTtwyv S
= TO GUVOAO OAWV TWV dUVATWV ANOTEAECUATWV
= AIGKPITOC KAl GUVEXNG

= [eyovoTa

= 'Eva ouvoho anoteheopdTtwy, apa eva unocuUvoAo
TOU S
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AEITOUPYIEC GUVOAWV

‘Evwon AuUB
Topun ANB S
upnAnpwpa A°

I510TNTEC
AuUB=BUA

Au(BuC)=(AuB)UC

AU(BNC)=(AUB)n(AUC)
= Kavovac De Morgan
(AUB) = A° NB°
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i ASiwpaTta kai 1I010TNTEC

= AfiOpaTa = 1810TNTEG

= 0<P[A] « P[A°]=1-P[A]

= P[s]=1 = P[A]<1

« Ay AnB=0 = P[D]=0
P[AUB]=P[A]+P][B] = P[AUB]=

= AVA, A, ... auoifaia P[A]+P[B]-P[ANB]

anoKAEIOUEVA

{Uﬂ ZP[Ak
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i Yno ouvlnkn nibavoTnTa

fa 0

= Yno ouver']Kr] I'II@CIV(')TI‘]TCI
YEYOVOTOC A uno v
npounoeeon OTI EXEI OUMPEI
TO Yeyovog B
P[ANB]
P[B]
= Av B,, B,,...,B, ivai evaq
Jla)(wplapoq TOU S, TOTE

P[A]=P[A|B]P[B]+..+

P[AIB,]P[B]

P[A|B]:
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i Kavovac Bayes - Ave€apTnaoia

= Av B, ..., B, €ival evag = Ta yeyovoTta A kai B €ival
O1axwpIoOC TOU S TOTE aveédprnra av
P ANB, P[AnB]=P[A]|P[B]
PIB;|A]= [P[A] 1

_ P[AIB]P[B]
> P[AIB]P[E]

likelihood x prior

posterior = _
evidence
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i Tuxaiec MeTaBAnTEC

= H &vvoia Tn¢G Tuxaiag
HETGBAnTnc

To anomAsoua dev eival
navta evac apibuog

= Anodidel pia apiBuNTIKr X(Q) = x
TIMN OTO ANOTEAEOUA EVOC
NEIPAPaToq .
= OpIopoC X
= Mia ouvaprnon X nou <

CIVTIOTOIXEI evav
npayuaTiko apiBuo X(0)
o€ Kaes anoteAeopa
oTOV )(copo TWV 6€IY|JCIT(1)V
£VOC TUXAIOU NEIPANATOC
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i SUVAPTNON KaTavourc NeavoTnTad ek

= OpileTal w¢ n mbavoTnTa Tou

yEyovoToC {X<x} Fe(X) 4
F, (x)=P[X <x] 1
= IdI0TNTEC
0<F(x)<1
lim F, (x)=1 " '
1 -~
IIIP FX (X) =0 34 .
2 PO—
ifa<b then F, (a)<F, (a) 2 S—
0 1 2 3 X

Pla< X <b]=F, (b)-F,(a)
P[X >x]=1-F(x)
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i Tunol Tuxaiwv JETABANTWYV

s JUVEXEIC s AIGKPITEC
P (% )=P[X =x]

(0= ot R ()= 2R [xJu(ex)
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DER D

i 2UvapTNON NUKVOTNTAG nleavc')TnT

= H pdf unoAoyileTal and TNV f,(x)s

fL (x) = ng)fx)

= I010TNTEC /\/H\
fi(X)

Pla<X <b]=[" f, (x)dx

X >

F (x)= [ fy (1)t o "
L P[x< X <x+dx]=f, (x)dx

1= | f(t)dt

—00

= [a dlaKkpITEG TUXAIEC
ueTaBANTEC

f, (x):;PX [% ]S (x—x,)
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i Yno ouvelnkn KaTavoun

= YNO ouvenKn ouvapTnon = H und ouvenkn pdf sivai
kaTavoung TnG X doopEVOU
TOU YyeyovoToG B dF, (x| B
YEYOVOTOG f (x| B)= « (x| B)
P[X <xNB] dx
F, (X| B) =
PB]
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i Meon Tiun kal peTraBANTOTNTA

= H avapevopevn n peon Ti = H peTaBAnTOTNTA TNC X

TNC X €ival elval
E[X]- "t () Var[x]-o = E[(x-€[x])]
E[X]=> %P
[X] Zklxk (%) = H Tunikn anokAion Tng X
s IdI0TNTEC eiva
o] =c Std[X]=o = Var[X]
E[CX]zCE[X] = 1310TNTEG
Var|c] =

E[X +C]=E[X]+C Var[cX |=c*Var[ X ]

Var[X +c]=Var[X]
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i KOIVEC KAOTAVOUEC

= Koiviy ouvaptnon katavounc = Koivr) ouvapTtnon nukvoTnTac

TV X, Y ] meéavornTac Twv X, Y
pXY[xj,ykaP_{x=xj}m{Y=yj}] 52
:P: :Xj,Y:yk] fxy(X,Y):éx—ényy(X,Y)
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i AveEapTnoia duo Tuxaiwv MeTaBAnTw M EE

= O1 X kalY eival ave€aptnTeC = 2UOXETION TwV X KAl 'Y
av Ta {X < x} kar {Y <y}
eival aveEapTnTa yia EiX,Y}= j _‘- Xyt (X, y)dxdy
OMnoIoVONMOTE CUVOUACHO
TWV X, Y

Fyy (Xa y) =k (X) F, (y)

fxv (X, Y) = fx (X) fY (y)

s 2UMMETABANTOTNTA TV X
kar Y

E{(X —m,),(Y =m,)} = [ [ (x=m,)(y —m,) f,,, (X, y)dxdy
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i Kavovikn Katavoun (Gauss)

=

O
=l iy =iy =
o nn
[SESY=X=
aQqaqaq
[ % T o T N T O |
i mwn
SU—o
oo

N(1,0) = p(X) = Ujﬁ

E{l}= ]O p(x)dx =1

E{x}= _fxp(x)dx = 1

E{(X—ﬂ)z}:T(X—ﬂ)zp(X)dx:az Tz e

—00

Pr(x— 4 < 5)= 0.68, Pr(x— 4] <20)=0.95, Pr(x— 1| <3c)=0.997,
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i Gaussian Distribution (ouv.)

2uvapTnon ZeAaiuaToc

I —t° 2 | —t°
erf (x) = N Ie dt = ﬁje dt H ouvapTon oeaiuaTog
X 0 erf(x) dev unoAoyileral
ue erf(0)=0, erf(1)=0.84, erf(w0)=1 avaAuTika kai yiauTo yia
v N(u, o) TOV UMOAOYIONO TNG
’ XPNOIMONOIOUKE MIVAKEC,

NPOOCEYYIOEIC 1] apIBUNTIKN
qu_ﬂ‘ <A ) erf(afj oAOKANPWON

n.x. oto MatLab unapxel n
|
P(x<a)= [1+ erf(
G\/

jj ouvapTtnon erf{x) kabwc kai n
Tunua HAekTpoAOywv Mnxavikwv & Mnxavikwv YNoAoyioTwv
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i >TOXAOTIKEC (N TUXAIEC) Alspyaoisq

= Stochastic process (or random process) :

We are given an experiment G specified by its outcomes (.
To every outcome ( we now assign, according to a
certain rule, a time function

X(t.¢)
We have thus created a family of functions, one for each
(. This family x(%,¢) is called a stochastic process.

A stochastic process can be viewed as a function of two
variables fand 27 For a specific outcome ¢ the
expression x(t,¢) is a time function. For a specific time t,
x(t,¢)is a random variable. Finally, x(%,{)is a number.
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i MNapadeiypa

Consider a large number of dice
@, G, ... ,C) and let assume

o X(t,0)
that we toss them :] L d |
simultaneously many times. We Y 11u i
deflne :_III..IIII_’._I_I_HIIIIt
X(tflg):kl k = 1/ 2/ 16 X(LCZ)‘ZE F F\LW B !“
where k is the number shown in B S IS T
the face of the (; die at the time ‘- -

t. (see fig.1) L il L B
Such a collection of waveforms R A A
is called ensemble. 2 | e
° | w1 |1
A specific waveform X(Z,¢ ) is 2 PPNl LRSI SRS

called a sample function.
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Ensemble average, Time averages®™

Ensemble average E{.} : Consider the values of the
stochastic process x(Z,¢) at the time t. Then x(¢,¢)is a
random variable. The statistical averages obtained from

measurements made on x(7,¢) are called ensemble
averages.

Time averages: The statistical averages obtained

by observing a sample function x(%,¢) are called &ime
averages.

Example: Let assume that the random variable { (discrete) has a
probability P(C={,t0), we have

ensemble mean = ZX(C t, )Py (t,) = lim — ZX(C t)
time mean = lim= Zx(c t,)

Tunua HAekTpoAOywv Mnxavikwv & Mnxavikwv YNoAoyioTwv
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‘L Ergodic process

= A stochastic process is called ergodic iff (if
and only if) its

TIME AVERAGES = ENSEMBLE AVERAGES

Tunua HAekTpoAOywv Mnxavikwv & Mnxavikwv YNoAoyioTwv
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i Stationary process

A random process is completely described by
the N-fold joint p.d.f. of its values at the
arbitrary time .

pdf — ](X(Cltl)IX(CItZ)I"'I X(CItN))

If this p.d.f. is invariant under a shift of the
time origin, the process is called stationary
in the strict sense.

Ergodicity implies stationarity but the
reverse is not in general true.
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AHMOKPITEIO MANENIZTHMIO ©PAKHZ

+

From now on, we shall use the notation
X(t) to represent a stochastic process.
The specific interpretation of

X(t) as {X(Clt)l X(Clti)l X(let)l X(Cilti)}

will be understood from the context.
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i Autocorrelation R, (t4,t5)

H auToouoxETion piag oToxaoTIKNG diepyaociag x(t) ival
R, (ty,£5)=E{x(t )x(t,)}= J. Ixlef(xl,xz;t1:t2 )dx, dx,

Eav n diepyacia €ivail stationary, TOTE
E{x(t;)x(t;)}= R (t;-t;)= R(T), onou 1= t;-t,

Tunua HAekTpoAOywv Mnxavikwv & Mnxavikwv YNoAoyioTwv
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i Wide-sense stationary

Stationary uno Tnv eupeia Evvoia onuUaivel
OTI N MEON TIKUN KAl N QUTOCUCYXETION €ival
ave&apTnTa ano Tnv apxn Tou Xpovou.

Apa

E{x(t)}=n, (oTaBepn, avetaptnrn ano xpovo)

E{x(Y)x(t+1)}= R (T) (e€apTarai povo ano tnv diagopa 1)

O1 oToy. diepy. Nou Ba peAeToupe €dw Ba €ival NAvToTe
wide sense stationary and ergodic in the mean and autocorrelation

Tunua HAektpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv



i Power Spectrum S(w)

The Power spectrum S(w) of a stochastic stationary process is defined
as the the Fourier Transform of its autocorrelation R(T)

R(T)oS(w)
S(w) is defined only for stationary processes.

= . 1 T —(Dt
For ergodic process S(w)="lim—| [ x@edtf
T
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i I10TNTEC AUTOCUCYXETIONC

R(T) NpayudaTikn ouvapTnon

R(T) = R(-T) |CUMMETPIKN

R(0)=R(T)

S(w) =0 To qpaopa ival NavroTe BETIKO

1 sz S(w)dw =R(0) =o;
21 2

R(o0) =|E {X(t)} |2 Eav x(t) dev sival nepiodikf ouvapTnon

Tunua HAektpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv



AHMOKPITEIO NANEMIZTHMIO ©PAKHZ LG |
Eppunveia 6|C|(pop(ov HECWV TIHWV YIA EPYOOIKEC Bt
OTOXAOTIKEC AlEpyadieg <.>

Eav x(t) eival n Taon navw og pia avriotaon 1 Q

{( f(t))=lim— szf (t)dt]

—T/2

E{x(t)}=<x(t)> OUVEXNG OUVIOTWOA

E{x(t)}2=|<x(t)>|? I0XUG GUVEXOUG PEULATOG

E{|x(t)|%} =<|x(t)|*> OAIKT) 10XUG

= E{|x(t)|%} -E{x(t)}? I0XUG EVAANACOOMEVOU PEUNATOG

Tunua HAektpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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i Crosscorrelation R, (ty,t;)

H eTepocuoxeTion OUO OTOXAOTIKWV OIEPYACIWV
x(t) ka1 y(t) eival

ny(tytz): E{x(t)y(t,)}

Eav o1 diepyaaiec €ival stationary, TOTe
E{x(t)y(t) }= Ry (ti-t)= Ry (T), onou T= t;-t,

Kdl

Ry(T)6S,, ()

Tunua HAekTpoAOywv Mnxavikwv & Mnxavikwv YNoAoyioTwv
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+

ny(tlltZ) = E{X(tl)Y(tZ)}=
E{x(t) JELy(t)}

x(t) ka1 y(t) eival acuoxeTIOTEC
(uncorrelated)

R,/ (t1,t)=E{x(t;)y(t;)}=0

x(t) kar y(t) eival opBoywvieg
(orthogonal)

Eav oi T.p.

X(ty), x(t,),... x(ty) xai
y(t), y(&),--. y(ty) €ivai
ave&apTnTEC

x(t) kar y(t) eival ave€aptnTec
(independent )

Tunua HAektpoAoywv Mnxavikwv & Mnxavikwv YnoAoyioTwv
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‘L Aeukoc Bopupoc (white noise)
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i AsUKOC ©0pUBOC LE Gaussian kaTavour

TuAua HAekTpoAdywv Mnxavikwv & Mnxavikwv YNoAoyioTmv



AHMOKPITEIO MANENIZTHMIO ©PAKHZ

>ulBoAiopoil kal AlavuouaTta

OewpnoeIC
= O1 yeTpnoeic (XapakTnpIoTIKA) €ival /+-01acTaTa diavuouaTa X

x=[x .. x]

= Ta npotuna (kAaoeig) Q, MoTo nAnbog, unohoyidovTal and To GUVOAO
TWV XaPakTNPIOTIKWV PHECW TNC YEVIKNG ouvaAPTNONG and@aong

X} —"2{0

= AnooTACEIC
= EukAeidia

d,(%Y)=((x=y) (x=y))"* = |:Zn:(xi - yi)2:|

= City block n
dC(X, y) = Z abs(xi - yi)
i=1

= Chebychev
d; (X,y) = max; (X —Y;)
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i MEDIKEC XPIrIONIEC OXEOEIC

[ u®dv®) =uvf, - [ vduc)

[Tapdywyog Ohokinpouatog (tumog tov Leibniz)

0 09, (1) g, ()
pn [ fz.bdr = fp,(t).0) e CAORY )

@ (1) @ (1)

Avicotnta Tov Swartz

@, (1)
N j of (T’t)df

b 2

j f(t)g(t)dt

a

b b
< j (1) dt j lg(t)[ dt with equality i f(t)=kg"(t)
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